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1 Remark 1

A Fredholm operator 7' : X — Y is nearly an isomorphism (in the category of
linear continuous maps). The existence of a Fredholm operator between X and Y
demands these spaces to have certain similarities. For example, if one of them is
infinite dimensional, so must be the other. Other similarities include separability
and reflexivity.

Let X and Y be Banach spaces and 7' : X — Y be a Fredholm operator. We have
the following statements.

(i) X is separable < Y is separable.

(i) X is reflexive < Y is reflexive.

Let Q be a nonempty open subset of R". A consequence of (i) is that there is no
Fredholm operator between L'(Q) and L?(Q), 1 < p < co. A consequence of (ii)
is that there is no Fredholm operator between L(2) and L>().

Proof. Put Xy = kerT and Y; = T(X). Then dimX, < oo, codimY; < oo, and
Y; is closed in Y. Since X is finite dimensional, it has an algebraic topological
complement X;. Then T'|x, : X; — Y] is an isomorphism (in the category of linear
continuous maps). Since Y] is closed and has finite codimension in Y, it has an
algebraic topological complement Y. Then dimYy < oo and Yj is closed in Y. We
have

X - XO EB Xl;
Y = Y,V
(i)
(=) Suppose X is separable. Then X; is also separable. Then Y} = T'(X)
is also separable. Since Yj is finite dimensional, it is separable. Let Sy be be



countable dense subset of Y, and S; be be countable dense subset of Y;. Then
the set
S={a+b:aecSybe S}

is also countable. Each y € Y can be written as y = yo + y1 with yo € Y, and
y1 € Y1. There are a sequence (a,) in Sy converging to yo, and a sequence (b,) in
S1 converging to y;. Then (a, + b,) is a sequence in S converging to yo + y1 = y.
Thus, S is dense in Y. We have showed that Y is separable.

(«<=) Suppose Y is separable. Then Y is also separable. Then X; = (T'|x,)” " (X)
is also separable. Since X is finite dimensional, it is separable. By the same ar-
guments as in the previous part, X = Xy + X; is separable.

(i)

(=) Suppose X is reflexive. Because X is a closed subspace of X it is also
reflexive. Because T'|x, : X7 — Y] is an isomorphism (in the category of linear
continuous maps), Y] is reflexive. Since Yj is finite dimensional, it is reflexive. We
now show that Y = Y, @ Y] is also reflexive. In the following, we denote by (.,.)
the duality between a space and its dual. Put

Yi-={feY*: fly, =0},
Yit={geY*:gly, =0}.

Then the maps Lo : Y5 — Yy, Lof = fly, and Ly : Y& — Y[, Lig = gly, are
isomorphisms (in the category of linear continuous maps). Let y** € Y**. We
determine y € Y such that (y**,y*) = (y*,y) for every y* € Y.
* Lgl 1 « Y
Yy — Y CY' — R,
-1 * %
vy vl cyr 2SR
Because y** L Le Y, " and Yj is reflexive, there exists yy € Yy such that
(y*Lg' u) = (u,y0) Vu €Yy, (1.1)
Similarly, there exists y; € Y7 such that
(y*Li'v) = (v,;1) Yo e, (1.2)

We show that y = yo + y; satisfies our demand. Let 79 : Y — Ypand 7 : Y — V)
be the projection maps. Because Y} is finite dimensional, 7y is continuous. Then
71 = idy — mp is also continuous. Let y* € Y*. Then y*my € Y; and y*m € Yj-.
Replacing u in (1.1) by Lo(y*m), we get

(v Ly, Lo(y*m0)) = (Lo(y*m), y) -

In other words,
(y™, y"m0) = (Y 70, Yo) - (1.3)



Similarly, replacing v in (1.2) by L;(y*m), we get

(Y™, y"m) = (Y 'm,u) - (1.4)

Summing (1.3) and (1.4) together, we get

(W™, y'mo +y m) = (Y 'mo, vo) + (Wm, y1) = (Y5 v0) + U ) = (WL y) .

We have showed that Y is reflexive.

(<) Suppose Y is reflexive. Because Y] is a closed subspace of Y, it is also
reflexive. Because T'|x, : X1 — Y7 is an isomorphism (in the category of linear
continuous maps), X; is reflexive. Since X, is finite dimensional, it is reflexive.
By the same arguments as in the previous part, we conclude that X = Xy & X; is
reflexive. m

Comment. A result on the reflexivity of normed spaces which is more general
than what we have showed is found in [Meg98, p.105]. Corollary 1.11.20 states
that:

Suppose that Xi, X5, ..., X, are normed spaces. Then X = X; &
Xo @ ... ® X, is reflexive if and only if each X is reflexive.

2 Remark 2

We recall the separability and reflexivity of the Banach spaces cq, I1, IP (1 < p <
), 1, L}(2), LP(Q) (1 < p < 00) and L>(£2). Here € is a nonempty open subset
of R™.

Separable | Reflexive Dual space
» |  YES YES I
It YES NO [
Co YES NO ll
[ NO NO Strictly larger than [}
Separable | Reflexive Dual space
LP(9Q) YES YES L7(Q)
LY(Q) YES NO L>(9)
L>(Q) NO NO Strictly larger than L'(Q)

Remark 1 gives two necessary conditions for the existence of a Fredholm operator
from a Banach space X to a Banach space Y. Within each of the above charts,
we see that no two spaces from different rows have a Fredholm operator between
them, except for the pair I* and ¢y. It turns out to be also the case by the following
argument.

Suppose there is a Fredholm operator T : I' — ¢o (or T : ¢g — I'). Then the
dual map T* : ¢ = 1" — (I')* =1 (or T* : [* — [') is also a Fredholm operator.
This is a contradiction because [! is separable while [ is not.

3



For ;s € (1,00),r # s, our concern is whether there are Fredholm operators
between [ and [°, between L"(Q2) and L*(2). As showed below, the answer for
both cases is no.

3 Remark 3

We show that there is no Fredholm operator from [" to [*, where r, s € (1,00),7 #
s. A proposition on the "maximal extension” of Fredholm operators and some
background on Schauder bases are needed.

Proposition 3.1. Let X,Y be Banach spaces and T : X — Y be a Fredholm
operator. We have the following statements.

(i) If ind(T") < 0 then X is isomorphic to a closed, finite codimensional subspace
of Y.

(i7) If ind(T) = 0 then X is isomorphic to Y.

(111) Ifind(T) > 0 then Y is isomorphic to a closed, finite codimensional subspace
of X.

Here the isomorphisms are understood in the category of topological vector
spaces, i.e. bijective, linear, continuous, having continuous inverse.

Proof of Proposition 3.1. Put Xy = kerT and Y; = T(X). Then dimX, < oo,
codimY; < oo, and Y; is closed in Y. Since X is finite dimensional, it has an
algebraic topological complement X;. Then T|x, : X; — Y; is an isomorphism.
Since Y] is closed and has finite codimension in Y, it has an algebraic topological
complement Yy. Then Y} is finite dimensional and closed in Y.

X = Xoo X,
Y = Yool

Put n = dim Xy and m = dimY{. The index of T"is n —m. Condider the following
cases.
e n<m

If n = 0 then X; = X; then X is isomorphic to Y7, which is a closed, finite
codimensional subspace of Y.

Suppose n > 1. Then X; # X and Y] # Y. By Lemma 3.4 below, there exist
u; € X\ Xy, v; € Y\Y; and an isomorphism 77 : X; & Ru; — Y; @ Ru;. Put
X5 = X7+ Ruy and Y5 =Y + Roy. Then X5 is closed in X because X is closed
in X. Similarly, Y5 is closed in Y. If n = 1 then X5, = X; then X is isomorphic to
Y5, which is a closed, finite codimensional subspace of Y.

Suppose n > 2. Then X5 # X and Y5 # Y. By Lemma 3.4 below, there exist
us € X\ Xo, v2 € Y\Y3 and an isomorphism Ty : Xy @ Ruy — Y5 & Ruy. Put
X3 = X5+ Ruy and Y3 = Y5 + Ruy. Then X3 is closed in X because X5 is closed



in X. Similarly, Y3 is closed in Y. If n = 2 then X3 = X; then X is isomorphic to
Y3, which is a closed, finite codimensional subspace of Y.

Suppose n > 3. We continue the above procedure. The process must stop after
n steps. The conclusion is that X is isomorphic to a closed, finite codimensional
subspace of Y.
e n=m

We apply the same procedure as for the case n < m. The process must stop
after n steps. The conclusion is that X is isomorphic to Y.
e n>m

We apply the same procedure as for the case n < m. The process must stop af-
ter n steps. The conclusion is that X is isomorphic to a closed, finite codimensional
subspace of Y. O

Below are some concepts relating to Schauder bases [Meg98, Chapter 4].
Definition 3.2. Let X be a Banach space and (z,) be a sequence in X.

(i) (z,) is called a Schauder basis of X if for every x € X, there exists a unique
sequence ap, s, as, ... in R such that z = > | a,z,.

(ii) (x,) is called a basic sequence if it is a Schauder basis of the closure of its
linear span in X.

(iii) Suppose (z,) and (y,) are two basic sequences such that the series Y | o,z
converges if and only if the series > 7 | a,y, converges. Then (z,) and (y,)
are said to be equivalent.

(iv) Suppose (z,,) is a Schauder basis of X. A sequence of nonzero elements (u,,)
in X of the form u; = ZQ;J_H Bnxy, with By, B2, 0s,... € Rand 1 < p; <
pa < p3 < ... 1s called a block basis of ().

We observe that if (v,) and y, are equivalent basic sequences then X, the
closure of the linear span of (z,), and Y, the closure of the linear span of (y,) are
isomorphic. Indeed, consider the map L : X — Y,

L (Z Oékl‘k) = Z ApYg-
k=1 k=1

It is well-defined and linear. Because (z,) is a basic sequence, ker L = {0}. Because
(yn) is a basic sequence equivalent to X, L(X) =Y. The graph of L is

(L) = {(m, Lzx):z € X} = { (Z QT Z@kyk> : Zakxk Converges} .
k=1 k=1

k=1

This is a closed subset of X x Y. Also, X and Y are Banach spaces. By the Closed
Graph theorem, L is continuous. Then by the Open Mapping theorem, L is an
isomorphism.



Here is an important result about Schauder bases that is needed for our prob-
lem. It is called the Bessaga-Pelczyriski Selection Principle [Meg98, p.396],
[LT77, p.7].

Let (x,) be a Schauder basis of a Banach space X, and (y,) be
a sequence in X such that y, — 0 and y, - 0. Then (y,) has a
subsequence (yn, ) that is equivalent to a block basis of (x,,).

Now we have enough tools to prove the following result.

Proposition 3.3. Let r,;s € (1,00),r # s. Then there is no Fredholm operator
from " to [°.

Proof. Suppose by contradiction that there exists a Fredholm operator from [”
to [*. By Proposition 3.1, either [" is isomorphic to a closed subspace of [°, or
[* is isomorphic to a closed subspace of [". By switching the roles of r and s if
necessary, we can assume there is an isomorphism from [" to a closed subspace Y
of [*. Denote it by T : I" — Y C [°. Because T is an isomorphism, there exists a
number C' > 0 such that

CHjzll, < 1Tzl < Cllzll, Yz el

For each n € N, let e,, be the sequence with value 1 at the n’th position and value
0 at other positions. Then (e, ) is a Schauder basis of {" and [°.

Put v, = Te, € [*. Then v, » 0 because C~' < |ju,||, < C. We now show
that v, — 0 in [*. Denote by (.,.) the duality between a normed space and its
dual. Let f € (I°)*.

(fyon) = (f,Ten) =(T"f,e,) YneN (3.1)

where T : (I*)* — (I")* is the dual map of T. Let (ef) be the sequence of
coordinate functionals associate with (e,), i.e.

(e en) = 1 if m=n,
Cm €l =100 i m £ n.
Then
(lr)* = {Z akez : (Oék> € lr/} .
k=1

Because T*f € (I)*, we can write T*f = Y 7o age; for some (aj) € I"". Then

(3.1) becomes
o (St

k=1

. /
This term converges to 0 as n — oo because Y .-, |ag|” < 00,



We have showed that (v,,) converges weakly to 0 in [*. By Bessaga-Pelczynski
Selection Principle, (v,) has a subsequence (vy, ) that is equivalent to a block basis
of (e,,) in I*. Denote by

Pj+1

wj = E anén

n=p;+1

the block basis of (e,). Because (v,, ) and (wy) are equivalent basic sequences, the
closure of the linear span of (v,,) in {* is isomorphic to the closure of the linear
span of (wy) in I°." Then there exists a number C; > 0 such that

[e.e] [ee] (o)
o E apw|| < E agvy, || < Cy E QW (3.2)
k=1 s k=1 s k=1 s
whenever the series »  agv,, converges in [*. In particular,
—1 -1 —1
CrC™ < O o |l < Hlwwlly < Chllon, ], < CiC. (3.3)
[e’e] (e%e] Pr+41 [e’e]
g QW = g Qy g (pén|| = g g QA
k=1 s k=1 n=pr+1 s n=p1 k:pr<n<pri1

S
1

fe'e) B o0 Pk+1 %
S S =(zz |ak|w>

n=p1 k:pr<n<pgt1 k=1 n=pi+1

o0 %
= D Jowl® ||wk||§) :
k=1
Applying the estimates for ||wg||s given by (3.3), we get
oo % o0 [e.e]
C’flC_l <Z |Ozk|s> S Zakwk S ClC(Z |&k|8)
k=1 k=1 s k=1

Substituting this estimate into (3.2), we get

01—20—1 <Z ’Oék’3> <

k=1

s

< 0120<i \ak!5>s (3.4)

k=1

0o
E QpUn,,
k=1

whenever the series ) ayv,, converges in [*. By the continuity of 7',

oo o (0.]
g Uy, = E aple,, =T E e,
k=1 k=1 k=1

fSee explanation on page 6.




whenever the series Y age,, converges in [". Taking the norm in [*, we get

00 0o 00
E QpCny E QpUnp,, E QCny
k=1 k=1 k=1

whenever the series ) aye,, converges in [". In other words,
1
e (Str) < [Sou | <e(Simr)
k=1 k=1 s k=1
whenever y 77 | |ay|" < co. Substituting this estimate into (3.4), we get
1 1
(Z |ak|5> < ' (Z |ak|7‘> , (3.5)
k=1 k=1
1 1
(Z mr) < ' (Z |ak|5) (36)
k=1 k=1

whenever 77 | |ay|” < oo.
Consider the case r < s. Take aj, = 75 for d > L. Then (3.6) becomes

(Z W) < 22 (Z k&s) Vo> (3.7)
k=1 k=1

By Fatou’s lemma,

ot < <C

s

T

T

T

@ =

liminf LHS(3.7) >
5%(%)+

By the Dominated Convergence theorem,

(e
N
N——

3=
I
8

0 |

=1
: _ 2,2

5-(3) k=1

This is a contradiction.
Consider the case r > s. Take oy, = 75 for § > 1. Then (3.5) becomes

o] 1 s ) o) 1 r 1
(Z W) < 027 (Z W) Vo > . (3.8)
k=1 k=1

Similar to the previous case,

liminf LHS(3.8)
()

vV
R
NE
| =
~

I
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3=

=1
lim RHS(3.8) = C*C} (Z k—/> < 0.
5-(3) k=1

This is a contradiction. O

Lemma 3.4. Let X andY be Banach spaces. Let X (respectively Y1) be a closed
proper subspace of X (respectively Y ). Suppose there is an isomorphism T : X1 —
Yi1. Then there exist uy € X\ X1, v1 € Y\Y1 and an isomorphism T : X;®Ru; —
Y, @ Roy such that f\xl =T.

Proof. If T'= 0 then X; = Y] = {0}; take vy € X\{0} and v; € Y'\{0} arbitrarily;
the map T : Ru; — Ry is an isomorphism.

Consider the case T # 0. By replacing 7" with 7'/||T||, we can assume ||T|| = 1.
Because X is a closed proper subspace of X, by Riesz’s lemma [Meg98, p.325]
there exists u; € X\X; such that ||ui|| =1 and dist(u;,z) > L for every z € X.
Then

1
||I+U1||Z§ \VI$€X1.
Take any v; € Y\Y1, ||vi|| = 1. For each z € X,
|+ wa|] = [[]] = [Juall = [J|] = 1 = |[Tz|| - 1.
Then

1
Tx + 51)1
(3.9)

3 1
Mx+mH2%w+um+ﬂw+mﬂ2§+Oﬁﬂ%4%:W%H+§2‘

Define a map T: X180 Ru; — Y; @ Ruy,

T(x+cuy) =Tz + gvl Vo e Xq,Ve e R.

Then T is linear and bijective. We show that ||7%|| < 4||#|| for all & € X; ® Ruy.
Take & € X; ® Ruy. If # € X, then ||TZ|| = ||TF|] < ||Z|| < 4/|F]].

Consider the case T ¢ X;. Then & = = + cuy for some = € X7, ¢ € R\{0}. Put
y=c 'z e X;. Then 7 = c(y + uy).

1 (3.9) _
Ty+ v < [eldlly +wll = 4le(y + w)l| = 4][Z]].

173l = le| [Ty +w)| = lel | Ty +

We have showed that T is continuous. Put Xo = X; @ Ruy and Ys = Y] @ Roy.
Because X; is closed in X, X5 is also closed in X. Thus, X, is a Banach space.
Similarly, Y» is a Banach space. By the Open Mapping theorem, 7" has a continuous
inverse. Thus, T is an isomorphism. O



4 Remark 4

We show that there is no Fredholm operator from L"(Q2) to L*(f2), where r,s €
(1,00),r # s. Another isomorphism invariance of a Banach space beside separa-
bility and reflexivity is its "types”. Some background about this notion is needed
for our problem.

Definition 4.1. Let X be a Banach space and p € [1,2]. Then X is said to be of
type p if there exists a number C' > 0 (could depend on p) such that

D> S|

all signs || =1

< CZ lz||° Vn e N,Vaq, ...z, € X.

The above definition can be stated as follows. Let €1, €9, €3, ... be an independent

sequence of identically distributed random variables, each satisfying P(e; = 1) =
Ple; = —1) = % The space X is said to be of type p if there exists a number

C' > 0 (could depend on p) such that

E Zn: Ei;

i=1

p

<O | ¥neNVay, .. x, € X.

i=1

Proposition 4.2. Let X be a Banach space of type p. We have the following
statements.

(i) Every Banach space isomorphic to X is also of type p.
(1) X is of type r for every r € [1,p).

The largest type of X, if exists, is called the best type of X. Thanks to the
parallelogram identity, every Hilbert space is of type 2. Then by Part (i), every
finite dimensional space is of type 2, which is its best type.

Proof of Proposition 4.2. (i) Let T : X — Y be an isomorphism. There exists a
number Cy > 0 such that

Crt |zl < Tz < Cuflz]| Vo e X.
Let n € Nand y1,...,y, € Y. Put 2; = T7(y;). Then

Oyl < lyill < Ch [l

i tu; i tyi|| < Gy i i
i=1 i=1 i=1
Then
n p
> Eu| < 2—n Zm < 0”02 [Elen QPOZ lwill”-
all signs || =1 all signs || i=1
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Thus, Y is of type p.

(ii) Because X is of type p,

n
E EiT;

i=1

p

<CY alP YneNVay, ..z, € X. (4.1)

1=1

E

By Holder’s inequality, (E|f|")/" < (E|f|P)'/? for every random variable f. Taking

f= Z&lﬂz‘
n ™ n P\ §
=1 i=1

i=1
For any s > 1 and nonnegative numbers aq, as, ..., a,,, we have

, we get

aj + ... +al <(a;+ ...+ a,)’.

Take a; = ||z;||" and s = 2. Then

(Zuxinp)p < (Zuxin’”)r (4.3)

Substituting (4.2) and (4.3) into (4.1), we get

n r n
D el <CPY
=1 =1

Thus, X is of type r. O

E

Proposition 4.3. Let X be a Banach space of best type p, and Y be a closed
subspace with finite codimension. Then 'Y is also of best type p.

Proof. Since X is of type p, Y is also of type p. Suppose by contradiction that Y
is of type ¢ € (p,2]. Then there exists a number C' > 0 such that

1 1
n 9\ ¢ n q

(E > e ) < 0(2 Hyin) Vn € N,2Yyy, ...,y € Y.
=1 =1

Write X =Y & Z where Z is a finite dimensional subspace of X. The projection
maps my : X — Y and 7z : X — Z are continuous. Thus, there is a number
C5 > 0 such that

lmyel] < Colle]l, [lrzzll < Coflz] Ve e X.

11



Because Z is finite dimensional, it is of type 2. By Proposition 4.2, Part (ii), Z is
also of type q. Take x4, ...,x, € X and write x; = y; + z; fory; € Y, z; € Z. Then

yill s |zl < Co [|a]].
q % n n q %
<E ) = (E Z&yi + Z&Zi )
i=1 i=1
n q % n
i=1 i=1
< C(ZH%H") + Oy (Z HZin>
i=1 i=1
< CG <Z|\$in> + C1Cy (Z H:cin)
i=1 i=1

1

=1

n
E EiT;
i=1

1
Q>q

1
q

q

Hence, X is of type ¢q. Because p is the best type of X, ¢ < p. This is a contra-
diction. O]

An important result that is needed for our problem is that the best type of
LP(€2) is known. Theorem 6.2.14 in [AKO06, p.140] states that:

Let o be a probability measure. Then the best type of LP(u) is
equal to pif 1 <p <2, and is equal to 2 if 2 < p < .

We now have enough tools to prove the following result.

Proposition 4.4. Let r,s € (1,00),r # s, and Q C R" be a subset of positive
finite measure. Then there is no Fredholm operator from L"(£2) to L*(£2).

Proof. Suppose by contradiction that there is a Fredholm operator from T :
L7(Q2) — L*(2). Then there is a closed, finite-codimensional subspace X (repes-
tively Y) of L"(€Q2) (respectively L*(€2)) such that X and Y are isomorphic. The
dual map 7% : L*(Q) — L"(Q) is also a Fredholm operator. Thus, there is a
closed, finite-codimensional subspace X (repestively Y) of L™ (Q) (respectively
L (€)) such that X and Y are isomorphic.

By Proposition 4.3, the best type of X (respectively Y, X, f/) is equal to the
best type of L"(Q) (respectively L*(Q), L™ (), L* (). We have the following
chart.

12



Best type of

X|Yy|X|Y
r<2,s<2|r|s
r<2,s>2|r |2
r=2s<2|2|s
r=2,8>2 2 | s
r>2,s<2|2]|s
r>2s=2 | 2
r>2,8>2 s

We see that either the best type of X is not equal to the best type of Y, or the
best type of X is not equal to the best type of Y. This is a contradiction. O
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