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g G o VIE], namely the bl fusldoe acd gl fraldon . |
'L = TV e e WL TV,
Lg)foa = £(5x). RGplece) = f(x5) -
wnles G 5 the taval g DUE] 5 wpile - dimentinel  Thus, botle L andf
R are ot repeber repre sodadcons. Honever, we will poict ot thiat ey cve

Clly reglic




let E be a \(;%m'fe -dimensiol fuﬁ&/zw, 5(’ Dle]. L {ff /4_ )‘ﬁé,, -, fm/(( f}
w{"Pﬁ /ﬁ é C["*({,’k,(z./ ) Kan ) /&t("/)"‘] ) ZQ @ A‘?—S"C( q’ E. /)cd"

F- Drecur Cpan {L(j)m& jéfr, {g({w]}
Fad Diceed ¢F « qﬁ%@m £ = éqc, L(;-)ﬁ[& , 7ﬁ«4/

Per= ZRG ) ()
fg Q;]' gﬂzwoi’e,s f& Mﬁf om [VI" [[ ) wl?.t’(/a\ maps & M&"Ih'x— A b Z’é @%{73 Ag' y

e %;(4g) = % “rlk) %)
Thas, 2y, (5= > e () ¥ EGLD),

Lﬁi\m A)L_;ff K« Cm’{ézu'f wak, ﬁ(%ﬁv) 5 @ //zaejhow%é Qf ’KL/ ((7;'1)/ /fzul(h/ |
vj we Cay write K (jjx)':'-?:_ 6{9 fu(%) , ‘.Jéufc fU € (fj[’izu"iz/.., "‘M/QM%‘()],‘
Ta@'v\ (v\‘) Can L{/ W{‘[’{{@M axs f(ﬁ*?:— Zw_- % ¢ j{/ fﬂ (7(,) V KéGZ("‘(() |

r=( J=1

Thas, F i pincle- Avcrsid,  Beuse oudd £ L@)p €F, E < F. Mo, |
LG,) (Upnlte) = LGusdfi €F por bl gun€G, taicn . Thus, Fuse
G - wosriank sebspace of (L, U04). Henee, (L, D(C) s ngz/j repler.
fuilucly, (R, V61) 5 oo ceqebeely Cacdlly regilur.

Exanpl 3 (Regullar cepeseitetins of C)

Cosiur th ediitue grop (€t). Tn o to el o represeahings
(€ ), we must by some wiy ended ot indy a wechix AT



Z|
fllosing mep & s grop morphiim () = GL2,€), 2w (12)
_[{ (S mjf,cTwe, 1] (6, +) Can lae, meuxjtfih( wc{’{\ I[& f%é(lffv.,(,’o 4» ( ,}é(lj

f (L@, C). Moreover, G s an yehrai groap becawie it s ., vero
et of tle fcgg“m%& Ka~1) Yg) =L We nay ddfermine all
régw@r rzyreﬂmfdmu of G Let (v, \/) he a 1 t’-g»JW repee seud aliom cf
G Tt g nd cbvots boo B Buradernne = even 1‘40:«% G lrpls x,'mf&
As « wm(v&l s sp cimensan 2. Its Lie gchm ¥ & of e Sane
’LV[%(Z&?’CJ dimgasin (Theorem 3 , page A1 ). 7%01&, & a vedw spac over
§ 5 A-dmessiond e diprestil de: T B (1) is & Lorcar maip,
f & /mf(fcaﬁw% sinpd -

IrB)=247)  =2A vl (v

‘ACEMNV)
wkmﬂ’, < (hg ANTero efmﬂ:t m? ()hce, A’ S (/"1(;'(4,\ 417 (4?), we Can

ddermine T fror Yo reldom rr(\euf X)= exp Ar(X).

(e (8)) = o dr(z8)= epGh) Vel (w)
NM we wfm't B %mf e%,?euﬂfg a homzero eécw,ﬁ( /§ é ?’ 7%&" S fb ﬁ;u(
RED sech #d op(tB)EG for J 4ER.

We caun {ale B= ( ? becine B'= O and Te»vs,
w{fﬁ):j’z +t6 + j_ —(i@ =1 +tf = (4 t> Yt R
oy K o 1 ’

Adm@l%l we even Aaoc @f@%ﬁ): (;?) For dlrecC. T/i*« () heconey



n((] i)) = 9pGh) feC
With te dedpeation of (61) wth G, we can wate
TG) = enp GA) wed (k)

fer comg. B EER(Y). Ce%v\m?c%, Lt v 4o 4 map Fien % @4) ’/ﬁ_h T
A mpmud«ﬁm (Z'f G . ‘ge.cfka, 4: { Z;"): %,é“f}/ ﬂzz, 5(2(,7[chiVLféA7{ 7’
tvery onent of G5 equal b i s, V()= Cl. s, 75 o
rcgw&f re,frewdd’m 7 and m% ¢ evuy cogfliciedt of 4, et e (2A) |
g im ClR]. e Linow fé&f ‘f[z{g 2&}9{’2—&0\3” i amcl oza% (;f Z‘I;/ ‘-evcf'[z—/—'i\-) |
(s Jadlaﬁg e Por §ome LEN. Jne

i t :

.._,/ o) = A YL e, |

A’}( t=0 )
it ¢ mqurw( #d A*=0 fev Sone LEN. m”efﬁ“; ol '@7“-{2‘* ’?’”’fﬁﬂﬁfw@
of € +) are Givein é{? (26) whare Ax a nibpebeut elorend of Eund (). |

e went b Maradenre M p’(.ﬁq,jwf repre sectations of %‘l{o Mﬁp&aaﬁvc |
oy (f= GLA, €©). Lef (0,C") be such « represectalivn. o ¢: (5600
[ A growp MWM&M, Becaisc vl CXJ = C[u+) y CVerg Coeffr crent of "[ﬁ, |
woidrin ((7@) S i f['%-.q,-ij. 'Ec{mva(znﬂ;j/ it s a /@NZM/ Cabwéihfdflm ‘f

‘o Lez . '/'Kws, we Camn write
)= 2 T, Yo € C* (<)
tez

w&m 7,; é/"f‘,\ (() s a Cm«.g‘fttw‘( madrix | 7Z¢ (c&,ﬂﬁfy, (p[?;12,,) :n‘(?(%() ?’(ea)



b = Lt - J
eCommes 2 2 = 0 2T [ ~ K
y g—z- 1%"7£~ < 1227;,“; Véﬂiﬁé(_"

—

s cqulet & (AT =0 Maf€2, et
=T Wez

@y (‘?) /I = @('{) = ZTE . 7‘21«(&, V‘ZZ’QV 'V?f(‘:ij

ie2 tez
with T wnderdtanding 1t m‘fj ﬂw&%_ iy Sunvnands ave wonzero
fr vEC awd £ €2, pt = v Bow Tm= Twv=Tor=2 Tlus, v,
belogs o the seb Ei=fre ' lv=o] e, Co e sam of e
vechw spaces By, L€Z . Becanse TTy= O por i4), ENE = 0] Thus
C" < g)z E, ()

FW ecq,& -'v‘(f‘f&_, ?[%[nr‘ﬁi' Z%i 7:4)‘ = 'ZLZ:V': %{v ﬁe// ﬁw%é"?(&
€2

(owwfe%, if vEC" and plelv= 2% pov <l = €CF e (F) imples [gv=0"
wd To=0 por B £ Terepore,
Ezfr€C: pers=ds H 'y (#rere)
(ee) and (roe) give ws the strucuie of T represectation (e, C") Tp
C'= gf i« decomposlion of vedor spaces Thon we Can veluver a
reju&v represedating (¢, ") of C" i wlid Ey =F - Tudeed, cepine
geh:= 2 Vo€ Vrvek

T[ug f w’vu's&g a Vegm&wr re P(Cf@i/d&ifow ‘f (C‘)f M (f"“ We QL% Og_lzmuo/&

ﬁAamdL ‘a»fi’-taff‘tb%« c‘(i re gw-é aif /c.ffes ‘e»CiaL?Lfmf oj f ’K_



As a pral remerl, we see fromm (ecr) B B 5 a0 € inmmrend
subspace of (b, C"). IM pect ) every subspece of B 5 (- muasiat, Tl
(0,€") s irreducdle qm@ My f et Moo, Al agube et o
Xore complidely reducdl, o wibing > be inboduced o Lot 2
P) Tordis docomposition

T lnewr dgehee, Tere &« well-broon reslb suying thot every
madme in My (C) cav be watben um:‘?me,% as e Same of a dagonlaadl

wadin and  « wilpdent mdrin ek Commute with eccd ooy Moreorer,
Hue o maatices Sucd « represecdilion s clled addtve Tpsdda et posilin,.

Hore § @ way to see why s s e Leb AEM (). The >

(1= EBAC"), f=04) & ing - veprCsetalan of Cl2) o C" /_fq,;,

(i o Cldodibe . Sace €8] & 4 pancipel ing €75 a finded,
fenerited wodily over a principad kg Lot gl¥) = (3-7, )" (2- .. Y he
e usiderthe plyramied of A We Ao Bk 1) = 0 (Ggley - Henlfon
thearn). Thus , 2) 15 e exponent of €7 By the sbructire Eeorenn o

‘. mulc% %Mvﬂtu( Malw&s over & pm\ap@é rm? (Téeafem ?’S [Qu /J—é é%’!

p149), |
(= E’(M) ® F())® . ®F),.)

Wém; E(:IL): fw(ﬁ— ;TLI)Q s an invariaat raémw/«,@: o " K? Céﬂvese
Repmainder ‘MJ..NCM) Mu’c evls @ pcéghm«mz P&)E (/2] suck M@{—'
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0= A mad G2 por Al ACECH. Pt §= q(B) € Mo ()
Cocwse (=2 (16)-0)  teor AAIVC v (1) -NT) - Thous,
£0) b (§= AT), whith wplos Bk $ s by ceellnr i each spece
FOL) - T, S digomdoal - 2ut V= A=S Tl

Ny = Av-3s = (A=2TIr  Yo€E Yi<ts,.
Hus, Wr= (A-2T) v = O por all ve G aud 16 L . Tha,
W'z 0. T ooy words, N 5 nilpdent. Moveorer,

SN = p(h)o(-p)K) = (£ a-0)) (&) =(U-1)p)B) = A=PIB)pth )= NS
Mo sppose Thak A= St Wy whare S5 disgundipdll M 5 otk
ad (Ng= NS Wrte

= FN)e e FO)
i e decoposttion o €inbs cpspecss of 1. o aadh of Tos iz dlio
et vder A hecanse SA= AS By e wigueness part of e
fracare oo, = m ad FO) = EOy), s FOL) = EOW) flonce,
acls by scdar -maallyplicition o ey EO) Wrte Sv= X for every v€CML)
Bor oo o= f-5fo = G-2TV ¥9EEQ)
o (S s e ook of EOC) Soce ANl o oot

g E0) el BOI# (0], M= Tha, Jy s by mallylyey b

M eao@L S]?a&, E(AL) . T&’j imloé'cj .(,( = f




TZ% ad’g d (ffvc Jordan a?ecmyosiﬁ'vm in My (C) “Mp&‘cs _[g( muffz'pfacaﬁ‘ve
J’WJM &@w,wﬂLﬂM, in C/L(m WaCéL Says ffﬂf emra malire n éL(u/C)

Can be written Mvu“fuzeg a5 a podact of 4 disgonalizabl, matnx anel
aipdeck matie Bt commide wodle ecd dher: Tidif Lt A € LG ¢)
ol e SEN b b cllitie ke desnsposine. Bemuse o g e 4
are fhate o A none of whik 5w becanse A ed bl Lo e mmz‘;é/g |
/z\us A= SQATN G 0wl M commde witl ol /ét,/ @ 5 N~0 ;
Thus, U= Dot ON 5 cuipient Muewer, U2 US. The ansqonsss follong
fron Yo wnigueness of Yo alitie Todaw deampestin
Tt  a very inferecding fact tet those two types of Tordan dicompositiong |
dre bl tue when we replea GLOVC) by o lyehric subgrog of G, ad M(T)
by 5=l (6). ;
Theowem 9 Let G be an dydrace sibymg o GLGGC) and &= Lie(r) Than we

L)\m two Mw}mg delewbvﬁ
() For eace A 6? Ao additive Tirdan &fﬁmposiftm Qf A & a malre i

M, (C), ey A= SN, sdlispies SN Eg.

[(L') Fay anéx 74 € é‘ ) sz imu&?[)[(cfﬁm ﬁ:f[éﬁb\ bfewhfbﬁf[ilh/ cf A as A m«.fﬁ')t

’(V\ CrL(n,(f), Sag 4: Sﬂu / salvspres j: U éé

M()fe s“u%«ﬁv{ wdtéj(WS fzt\’ f//\/i U are 74(5/ AN, Au' TK; f%ﬁawn?

'tZ(i)f tm 5’@5 3 -M\a/{ Iofé{am AQCO‘M/)O%(WM anre PFCR«V’ M !59, ﬁx‘%{,éﬂu'é - W%/? v /)ZJI’MS
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i dq((.evcw il
(Theoren A0 Lk @2 oot e marpbane biven Fwo dichnce grom,
b and H. Thon

() @(4) = p() and (1) = tlg)y for Sl 4
) Ae(h) = (e W) wnd de(Ay) < (do(m)y

begure oy tnbo e porg o Tastson 3, f 5 otk por 5 B e cwvere g
& nontavid Connedipn belween wnipolents aud W‘(Qpcfwfs in M, (C). Narely, f
g Us < wmipolent Bon tace ety a welpdent N swck Bk U = exp(N).
Tudeed, There s« number 2 € €\ fWEC: Re(w) <0, Tmnlw) = 0§ fuck that
FUEDB(T, ). By <prpedy o e -Cl«fum‘hﬁﬂ wap o page A1, fore 5
wdiie B4€ B(0 ly2) succh thet YU = ap®). write v=expls) wetll some
wEl, T (Tul) <7 Thaw U= vog (A) = exp(w) exp(h) = o4 (wT, +A).
bk A= wTarA Lt A be an 2ipenvalue o A7 Ton & s an egenvalue
of U, which 5 1. s A= L2 por some L E€Z. Pecnure I-w 5 aw

21‘6‘,\,\\[&(% cf /‘\( axl«,&t A 6 B (0! Zp{j Z,)/ (A—vu I (Zr(j Z . 7&_%3 )
‘TKM, A= 0. fma /4 204 values oF A are rero, A5 niboled .

fog 4 Thaorm 9
(t) ffh& SN= NS, Wf(fS) Wf(f/\)) = h{(f(fﬂ\l)) = {uf(fA) éG Tﬁkf,('f



Sufpices to Lo thut

aplt§) € G por l tER . Becave T an dihurc

W n’é s LLlQL W0 M a( a‘f@m(@?} o{ po%mmid; I(r n f[fﬂl?np ‘,jm].
To haw #ut enp (£¢ ) €6 g QL LER s b oo thit Cup (t§) vaust.,

M p\ﬁ?mwm& in I&

[et R: 6= GL(VIEL(NC )1) b e right- franslelme represedam,

X G (see Secton [
)Q (Q)E(K) =
'TZ)LM, we need o oo

, Euamf@. () 2 4= ‘e'wf(ﬂ} EcLin )

pieg)  YpeULEn )] yrealln @)
Bt RNpOI=0 por bl pET, acd €6

Bocawse S'is A‘Mffwfrwﬁ ) 4 5T Tudeed, ¢ §=7 ";fra?()ﬂ../\,,)l
for sme £ ECLOE) Ha g Ly (e¥, ) 2 frssme Bt
the hascs of C" oo Hosen 50 That g is diagoual - write e ij (50114,
Fack Punclinm 4{6(0[({“’1«(6@ 5 & plyonil 0 Clamng, , n, &i0)']

Thus, VIELML)] as
Ac{'(x)‘{ We ‘QM‘&

R(?) L] (5() =

4 rihg 1S (?em‘“‘i“i Z’? fhe punctines Coust, 2 e, tnn,

() = diey=4 % ()

Rg) &b (a] = dof (o) = oy det(y) det o)

Rlg) <
Gt

(a) =

(—(‘ij) =C = C(‘t)

ﬂ@;, k(f) a.gj' 5\& Sufgfw’*- Mujh‘f’élnﬁ‘c% 2% ffa (éd,m QF’ D[GL(K(CK)] A;( a

vechr pae over (Lr’/ U[&L(”( 6)J (s ?A‘i%ﬁ/{d 4’(7 ﬂé (2"‘“#’7”’(—5
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T My - Xyn

B RN P wlbere ¢ a0, Becamse R(g) s nit oy o Cinear
ssdmopham o VLCLGO) hit alin o g morpham , i acls by scobur-
multtplicitone o ewi of et flunclions. Tp VIaLa )] were a Prude - dinen il
e space over €, R(p) wadil be ditson linahll. transpornaatio. Hoverer,

we ave cbose o hat becanse (R, DLl @]) & 4 Loc Ly regales reprecedalin,

actov&eiwg fo &d«m@, EMM/\/& é
New fro fé:ﬁ. - We wad o lao that K(g)f(n):D 45%»*4(2[ x €.

(Z\.W § a fﬂu‘(‘( —'dq(MmS’c‘W,é &‘—f‘f\vz«,rnzu,‘t" ‘s?ués"/MCL W Gf (R,U[&Uﬁ ,(f)})

f&f Cotlains [ 7Kv4, t ﬁ(g)lw WoW i ad i&.j@,%;é {""W&P&“’M‘jﬂk- e

o Howed et P\(%Mf(fﬁf))l“, 5« dmg,,mfiwéé malie m GLOW). Newt
W Slfpww l{kd /Z(vh.{o({'/\/))lw 59 ‘wpded in 4[.(1/0) fu/}/)g:{,‘t&f (f‘é{g fs/).ﬁaifegf_ |
Cnee R: = GL(V'[QL(M,("')J) [ & Goowp worphism

Rlwp (W] = R{expltS) enpltin) = /z(w(m)u{(wcw))k
| = Qo (W], Rlexplt )],

T&E 1S ‘ML MM/?ﬁ‘f(?iCa{t';c j—m&@ak ﬁéeamfcsﬂ(h Cf R(eup({A)}‘ N (i él_( W) /fug
R(éxy(ﬁ‘f))’ i a po%némid of R( fyz(tfl%) )l Wch ofé)wwmfs, ‘é&re X 4 /Jo%nommé

p6) € CB] such thet /é,(‘w (), = p Rlegt k)], Thaes,
)= p (R(hp(f/%)))f = 2 <y R(evp (l'f}-))&f,

R(«m,o (ﬁ))f =
F‘”-e%a\ 2 €l /‘0\(%17(“ ))f(i): —% af(’k (th)) = o
* = e

EG
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Tﬁwa, M owe need s B Koo Had R(efwf(f/\}))lw S um‘/)d'ed n QL(W)

M—Evrzl‘-%h@}} For Qacj\ 4{ € 7)[&[(‘1«6)] Y
(/i(w(w) ~ ypgp ) E6 )= H Ceexpli)) 46
Puk \Q(E):K(kekp(f’/\) I&u« (0)__ j( Q(xﬁnfoft/\))) X Z(’L)

(review the ritdun X, on page 35). Suibarly, @)= Xy bly) por <l

LEIV. Sme @ amﬁaﬁ‘c)
A OR ~
¢C)= o)+ 2 Tt &)

Because & € VIELLOT | Alxenplti)) paﬂwfd of e coefpicients
o rop(t)= » (0t p_@"\”) ind  ded (rowp(t00) = MG ep(ie ()
= Aet(n)™ I
T, o= Alxop(t)) s a plbgroicd op T e Ken gy pron () 1
{tre b, €IV Such i (g( It)=p por L - Thus, XN )= O

{w‘ a}&e Ly, We can wrte (%) as

,(Xﬁnf(f/\)))—a(l) = '% /(N&(x)f
ki £1
; Lok
T, . .
. ([&(w(em) — m)a _( % Ve

Nt Bond wo depends a4 Thas, we codd Lwwe dencled uy Za vy mslead

L%Tﬂ (£4l’”’l£m> !)e, & -[9“"‘3 "f W muf u'= ma%fn%4r-~‘/"”a 3 ‘ﬂiw



(R(w(t’”) s )‘3 = (Z Xt a )% Vhew.
Thas, R(w(em)jvgu - d, = 5 X fg .
! F=

e o clod o Ed (), Ky s wlpent. s, RConp(t],= b 5
nilpend

() For AEGC L) we L the Tadon wnlliplicatin 4=5U o SUE
Q). e Bet € s P sme 5 A diqoned scmmaed n the adiditie

ke decongoidron o A Tesbow Bt SUEC Esppres b oo $EG

"ﬁfd (g & ;&w ¢ vwbmfélu; Q(( W@hommﬂs M j;r. chum[mﬂ% , we uee,,é o dwlu

Do A&k ooy RO =0 for alll f€T, €G-

Cpac thet B beses g O s choren o d S iaginel - by
epesding o argonante w Lart (), repluiing 4 by §) we can ooy Hud R(Y)
by sclor- il on Yo bein of VIl ©)) . o f €T, axd &t W
be o ke dimersnal. G-t sudspea o (RVLACA)]) # coduies .
o L6)|, s = wmﬁe% weboe o GLOW) . Wt we show that R(U)],,
¢ it o GL00) sup,w Al 5 pooved. Thon

KM, = m W, = AW, RGI,

s ot Tordan &m,wm o RO a0 GLON). Thus, R 5 & prlyeonnt
o RO, vide RQ)|y= p (RN whore p6) € (5] Thn



Ths R (1= 0 por M g G

W) p RWi)= 5 4 RS = 5 5 K¢t
=4 =0

o

Hence /’J%wc w,u( fo do 7S S“épwlfj f(«)ztf R(U)/w i umfofwf ih C‘L(W)
Snee U o uwipolent Mave ety cm nilpatet  neatie N EMy (€) swdd
(/(: \3%19();)). From now ,‘T& pvvvf 14 J‘w;‘t Q fe/;»e.‘fz’hm, .,2{’ ﬂ& /)w—g(f M«,{’
ﬁ(@w(ﬂ\”)’w-— tllw (s hrlpaﬂwf ih _Pw{ (t)/ pmw‘zﬁu[ MW « V‘epéacea( é}

o/
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Right apfer Tesrem S on page 24, we wild like 1o wnsert G importend”
property of digperectoels  nanmely Pe fundloviell property. Tt inaplies hoat
somorphic. clised qrowps Rave sorophic Lre algebins .

st S Lt G C GO, HE GL(w €), KEGLUE) be chised subgrops,
[M T GoH, pH—K be toplogicel - gronp parphiams. oo dlpor)=dpodr

|

For e prog, we dende i, 4, £ & the bie ljehres of G H K respectuely B,
the dieginition of defperetel of & topolegizad ~gnp morphivm, A(pom) s the unigue
Lie-dlgeha. morphism X = & sk tt faw(éwf(/})): oxp (X)) por M
€1 Becanse dp. = K and de J— 1 are fre-allhree neophiams , He
Compsition a?fu(u- s also a Lie-alyphea erﬁgm Ty, M we need B B s

oot |
Prlopw) = exp(helist)) vAER

Ba the depinition of dps we bave  9(op(dr())) = euf(&ff(;lw(/);))). This, we
cw% need to shows T (W[A")) = enp (M) ). This s tree ég e aée{?m{t‘m\, of dr.
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