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:CQMQ review) (n Lie T\Qeor;k

The wte-up answess the f?o(&wmg_ 7ucd‘fms,
o Explain e panciple #at a set of wfm@(% CJMMMWI/L; a[ r‘agomﬂz%%
malvices can be diagomalived by the same fass.
o Compude e ot Systorns for s(2,0), s0(3,C), su(2), su(3).
¢ Diwo hose void cystems.
o Explain He charaderivation of couplex syl Lie a/fcbms
0 Explain_the princple thal mdw&% Com Mutimg afzaz(ow@‘aa!@ malices
can be_dicgonalired by the same Bass.
Lt & be a st of m»af‘ud% Corannidling, dicgoneliaall malrices in M, ().
T linear wlgebra the principbe can be explaimed by pirst noticing that por s
Commiding malrices A and B, eack agenspace of A is mvariant under 8.
Fnu'wg A €x  we see Tat every elomad o 4, when viewed a5 a linear

opemf\rr omn  an @fj-@kb%‘éﬁ? fgev\s‘pace, af A, Coramidleg wm% A 7{(,_, /NDM@M/
fge"/\ WCG&ACQS ‘(}b m ffmt&r ﬁa’b%@wS, w-/{efe nm & fgz numééf ef ecgteuyjyacq (f

A, in dimensin Leis fllan n. This chrrrdion cam be made dy a formal
prof by nducdion on n .

Lie theory provides andther tasy, for us to see why B princirle istrue . Tt
Comes prom. Ve fla Bl every pinite - dimensionel) representation o o Lie ablpebe
admits a mgﬁf space decompostn. We view M, (€) as complen. Lie dg@bq |
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? with Lie brackel [AB) = AB- BA , and L’émg,oné;é%cié@, matrices as

f@m(ﬂ“m{f& eﬁ@wws Gf ?’ - gecwse A 5 « VV\LC(‘W% dexmdihg Set/ 0 (§
'ff.m Veciw fu()qu& (;f g ganemfwf éy, X TK‘C@, We an &S ume WLOG‘
‘faaf & K & vechyr mﬁspczco, gf? Mov’ewea/, & s afﬁo a Lfe. ﬂcéa‘%zeém,
Q" ? because [A,B) = AB- fA =0 E&L for M ABE&.

We assume the fect Bat the sum of two Commuting (emgmfﬁ eloncerds
a? ? S a&o a f%[giw\p& efemenf» Tn ferms cf M«afh'&s/ 'ﬁgz’z Q(S‘uM/ﬂL{'m
Says that the gom of two CMMujﬁmg Jra?om@zwb@ malrices ¢ a a(?mgvom&m%
natrie. Wen every eloent of A& s S’emgscmﬂg - We £row thad He map |
ad:y— EM((}’) ;ad)Y =X Y] s a le @@e,ém represedatin. of 4. s,
({ w\af; §emcg(m(ﬁ/& efemmﬁ"s ’t?» JemcS’f‘ml)& e&meufs. TZ\K (’Mfé?es ad? (/4)
i« 5‘€WLC§\'W\f2« /Far Qveifg, AG(Z ) 7%@\ & « a bal 5’@4&,@%&& ff) i ) 7&&;,
& s covdained n a Carlan ‘médﬁ’cém 6 ﬁo ;

é;,\g(c&/ fv’@e fo”owmj lie afgrdfa, ref'refenfafm\, %V ﬁ , $0 called £,
o@cgmmﬁ repre@,fdaimw T j - BAC") , 7> = X fur Y/ ij) '1»6[*\.
’FW wﬂ\/kéﬁk (tKL duﬁ«e {’/)4(]@% ‘ﬁ)/ we %mee, a Vec{l)r SQAS/yQCQ ‘Zf f'l.
WL@A 6, (f" ) adw‘f& a weagﬁt Sp%a, c{?@@fm/;,og.l‘fl%

(C = ﬂ(‘%ﬁ (E (/4/) .

n . ;
Stnee € s ?Mtl‘e i«‘m‘mﬂ‘aud, Mﬁ% fz’m‘feeg mau} Sunvmends are nonzess .
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Fadh element of 4y ip viewed a5 an operatr prom € 6 € oo b
Scallar on each cubspace C(x). Therepae | the basts of € offatned Ly
Cmf\cdemfing @ré(ﬁ%ﬁ% Chosen bases of C"(N;/«Gf", diagonatises
every element of &
@ @f@ e rost syctem of 02,¢)
s02,€) = {AEMC) 1 (h) =01,
Pende ;L,z—.sﬁ(z,@. Tt das a Cadan subalgebr h= f (&

? ) 1S € (},
Becawse b & a oe-dimensonal vechr pace, ik ducl 4" s oo ove-
Jimensionel . We can dentipy 47 witl € by depocing
(x,(é i)> = x5 ¥ s€C.
Aot op 8 6 depred a5 on elowent <€ C\0) suck that
go=1Xeg 0N X]= (X preqy # Lo},

We Rave

(O[22 ) -5 o (2 2) wec

\/\/—\/\’W

X .
@ (ii‘f) - < (22)

az= O,
K i@a)c—.— 0,
()= 0
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Tﬂ{ Sgsfem uﬁas hontvind Sp(u{un« ( %) (( and m@ cfoc_.iz
"Kuefqre_, ;PCLC ) ﬁas imofs . /Kc %1[ Sf&&. Jecw»oc(‘fl‘m XS

A2.C) = 60%()?”

j = ‘f[o »<>’ n=(; 2) f—z:(? g)
Congde the ot gystom o 43, )

AGB,C) = TAEM ) (A =03
Dendde §= s0(3,0). It Aas a Catan subalgebra

“a O o )
ézg(oe o);a.éém}.
0 O -a-}

RBecause 5 s fwo-dimensional , itz dual 5 “ i dso too dnmensiand . Wo
(an (ﬂm{\fz} 5* Wc‘f& (L 5g oéefc‘m’m?

(@lg)’ (c& . , )>,: L& ‘(’&é Jvla{é,‘k(? 6(
-&-6

A root of j i an elenent (vy) € C\i 0)§ such thet te pace
Fup = LXEFTIIT = <) DX vreq] 4 fof

‘/\/&K@w,

@ b G & G GG A .

( b )(q e ¢ j“(cq - )( b ):("(2)){ I >>X
menh G g -4 G G -G —a-1 —a-l,

G G G |

( G & G \Yadee

s
G G -a

w&m




- (CZ ) q(a=t) 4 (a+th) G @ ¢
4l 0 aGerh) | = by o
G(a-4)  G(a2b) 0 6 G e

Yalbel
G=G= O

G [4({~L)+é(~{-?)J -0

G la(@-v)+b(1~y)] = 0

G [a(t-x) +b(1-9)] = O Yol eC

¢ [al-+) +b(z-9) = 0

G la(2~x) th(-{~9)] = O

G [a(-{-x) +5(2-9)] = ©

Ths ystem bas nodnivial  colution ( s > ¢ aud (m% ¢

s

(=

C‘G s C;
G 9 -q-<

(g € T (1), £24), £(1.2)}
Tge,/e,gafe, 5@@(6 ) ﬂ\as 6 vools . TK-e root 4l O&C«lm/)fes({m«, 59

((3,C) = 7= he Tary © #,0® foy © §a) @ Fn®l

where 5:(("40‘4j® 5(0{_4)/

12)

) o1 o . oo,
o= C[009) = € (152),
0O 0 o t
~—— 0 06
X S
t-1) )((-4.4)



v - ( é}.,{ - 00
?&M)“ 0 o 4 ?(’2:4) = ¢ 00 o),
\0© O 10 o

—

X,
@) (20-1)
O o0 o _
", - R C)
%2} (C(O ° 4) / f(-h-z): C( o gg ‘
o O O | 6 4 0
X(m) /\?—4.-17

(Myufe ‘(g.z rm)f s’g-Sl(eM (;;F T (Z)
w@) = {XEM (O N +X'= 0, %)= 0f.

) {(r; 6) Ca €R, Aécj.

Dewole ;-_—_ sw). Tt & a vead Lie afjeém (af dimensim 3), 50 does wof

wibmdiadly posess & it space deconpostin whidh ¢ aveileldy for
&W&”’“ Lee chbrc\s In pack ég direcl conpatatin we see that there
S no X €6, whare ﬁ - §( Ca Am> . GUZ;
§ e voantmef abelian subspace of 5(2), such that

{Yeq DK =cryx wreq] #iof.
However, ¢ bl Aas @ good decompostine ng e dea of ot pae
Jecorsposction. The idex of rovt spact dicomposition 5 thet g g5 a
Cnglex. ouisingl lie byebi and 4 65 dls Cartin cbabyebr then ¢
a dired s of vecdov raéfpacce; , each of w@:‘d{ ¢ invariank wndey



| Al
(\/‘er?f memécr C;F f& sef %Mi(y)gyéé < E“‘((f) / "“"/DWQ @(’[Y),}{:: [7,)(

/}& %ff\a% S’a/)s’/;ace; are (She_a@tmemf(cmf ovev (E (Iul Of&/wwa(,r, j
2@3 A 5&5(,5 fgxﬂt d(hft?““’é&“ {aw((}/)gyé; S’T‘M‘AIZ'kaeouség,)

Iv\ gur 51%(&@7{‘[0)1,( ? i fe«,@ [c’c:. aﬁfe/a% / So f’ﬁc dgen/mmd f{,,j fﬁ
ihve rmmf 3’0«[,: Spaces are  one- J,émen Sinal. ovevr [/{ C’aw&( /wLL ./}Ja S@Z[I‘Ifl'ﬁi

Bwf t; we a&ow f%@m fo be of a@t‘menﬁm <2 ; Such Q Jecam;?osc‘{zm
entsls . We now jerfve fgaf aezwmposo‘hm f%d*ﬂﬁf to our eavr&’er Comlm'faf(m
por 002,C), th cwpeu{?fcaf[m of sw@) .
, -1 O SO0 1\ ¢y (O O
{@,0) = <E(o 4> @ ¢ o 0) @ 6(4 0)‘

S ~——y—

We see t0at

/}5 = cr@"t‘f) = (0 ¢
| ¢

Bgcm,c A, A, A5 are ‘gmeaf% {Mee‘pem@ew‘; over R and dem ;f = 3) we
Z&V@ ?: IQA1 & w ‘

\Y W
For ewﬁ }/(jg, y g&o gf&wj; to fﬁe Cartan Jaééjgebﬂ’v @f SﬁQ(C)-T’Q“S,

d())A, =[V,A)=0 €V,
aJ(Y)AL = [//AL] = [7:8} -D’,C] = ng _f-,ZmC:zd A} €W/



[f]

(fue, y=(“ _m) for Sonce 46112)
MNA = [V AT = dDR) ), C] = 8B+ = A €W
Therefore , Vand W are invariant cnder every membes op the set
{Mum%ﬁ c Bnd(g). For s eason , the docow posibion f=sul2) =
VoW i ancloguons to root jpace deconposition

(OWL,wae, tRe rodl sysem of 2 (%)
() = {Xé M, @) : X‘I'X*: 0, tr(X) = O§

' G & G
S ) Al€R, ageC !
-, 'Z; —i& - (b

Dendle ?: sw(3). Tt is a read Lie afgej;m of Adimensin §. One op il

maxinmal ahelian fuéﬂﬁﬁeLfk 14

5—"« g(f“ b ) : 4(6602}.
. —ia—(h

Similbecly o (B situatioe of su(2)  we canol expect § 0 be a dinct
fum of  ore- dimensirmal  subspaces , eadh of wlidd s mvariant ander
every member of the  panaily {aA(Y)gyeé < Eud(f). Bed 7 we allo
Heom b le of dimensimn <2, suck a decomposdion exccts . We now
decive that decomposition thanks to our earlier compdon g0 o3,()

% Cm@?ew?('caft"m of Sl (;)
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dB.0= holb ol o cr, o), oy oo O

Cartan méqujewk G2~ ) €K z)
of s€(%.0)

where ~ >
74: (1 : ) K= ( ) .
| ¢ -—1> ! y

W 2 feg Jc&dj
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© 1 o |
A= X("‘“ X(‘M) ‘(7 O O) ej/
() ‘O (O
O o
= Agyp ™ o o 4\
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O o
) = i _ /O O .
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o

o
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‘gemusb /h ,Au-,,, A), are /Zme@r% ind&zpewoémf over [Q an&( 0&144 j =p )

=R @ R4 o Rho RA © RA © RA ® RA & RA,,
S e — '
Voo Y Ve

FOY e.adz

Y: <M A ) 65 ) ya@o ge&mj; L[b f& G(ﬂ[vcu
~(a -i b
fULchém uf 9€(§/ C). Tﬂug,
(V) = [V, Ad=0 €V,
AMA, < [HA) = 0 €U,
dMAy = [A)= X 1= 10 %, ]

= (01'4)/ >’> X(,,,-() B <(‘{"”’ Y) XG{M)
= (CA “c'é) X((,-f) — (i« 'f'“!’))((lh/()
= @'L>A4 €V,

a&@(Y) /44 < [y//’b(] = C[)’,X({M)j ti [//X('M)J

= Z((l(‘f)( y>X(4M) T LK(K'("‘{)’ )’> >(€(,{)

= ‘(a‘é)As c \é .
ffmr&:r%,

ad(V)As = Qetb) Ay cl,
ad (V) A, = ~Qath) Ac €V,
ad V) Ay = (aJrZé)AS, €V,
ad(V)Ay = ~(as2b)Ay €\



T%U%(Q.) V!]/ Vi[ V;, I/LT I V}’ ave Mv&n&wf‘

ww@-er eveﬁat. member of f«ﬂa sel
{ad ()]

eq C EM@(;) Tor ths reaon , . JﬁCWﬁof&‘ft’%j:Vl Lol

is ama&gucus o toot Sfam c@ecuw\poﬁ‘f(mh

@ Deaw the _rovt Systenss _op M2 () and b G,.0)

@ggf gag{QM c*-lf 52(2( C) :QOO(% J’gﬂéﬂl’v\ G;F 3'( (;) C)
%s
;Z 2 e : (1,2)
— s 2 Ay
g s e coordinate rMap o 4 —— —_—,«%Mm_;____m_s
Lo . 1
Q ‘ e .. /|- PR
é( ,a) = Q ('21‘4) C,’,_()

. l{)ﬁ -

£ ¢, are tle Coordinate maps on é

~ q

34 b = a,
_a_é‘

: & .

f ( b ) =
~a-,

, @ Ex,,,p&im fﬁe C_pas;(pt’coif(m of Camipm S’z‘w’@. Lie ca@fe)ém K¢

Two Lie Jgeémr g, and b, are sa id T be r‘Somgrfﬁfc 'f e re (s & map
T 9> 8, suk that

“T « a Yinear fwmor/vﬁzrm,

« T preserves Lie bhraclet
A sinple Lie deym s a nonabelian [ Agebca. What bas no ideat



offer than 10§ and iselp. Tn ofber words, g Lie lgebia g 5 Singple

(9] 19,

C P s g e sidpoe of § and [,7]ch e g:{()go,i
Tsomorphic sinple Lie algebras Kave oquivileat covt space decapositins.
(onversely, & bt op @ fow fectuces o Yo root sysfomn (including Toe
fnewr depondencyy ammng Be rvols , order of Longths of the s, ) i
erough t delemine the Lie algebe vp to an Somomphism. Thal mackes
tle hamderivalion of smgl Lie aljebras posstl Tu 4754, E. Cartan
Aucdeined, ll comglex sinple lie dljebrag. Accord,mj%, avery aomplex
fmple Lie chbm 5 isomorplic to emdf’% one agebrn in The follno g

Lt
) st(ed, C), L21.

2 s, (), {22

) ), 473

4) o (¥ C), 44

5) T exceptonad e slgehas G, F, F, E; E, vhue dmession
are fesfedi‘veeg A4 52, 48,433 249



