Theory of Partial Differential Equations — Math 8583

Take-home final exam

1) Let uw be a harmonic function in an open set  C R", with n > 1. Define
={reR":|z| 2z € Q} and vu* : Q* = R, v*(X) = |z|* "u(|z|?z). Show
that u* is harmonic in Q*.

2) Denote By = {x € R" : |z| < 1}. Show that the problem

Au = u? in By,
u(r) >0 asx — 17,

has a unique nonnegative solution u € C?(By).

3) Let u € C?*(R) be a 1-periodic function.

(a) Show that
1 1
/ (u — up)*dx S/ ulda,
0 0

"y = /0 bt

1 1
/ uidr < / u? dx.
0 0

4) Let u € C%(R x [0,00)), a € C*(R) be such that

where

(b) Show that

up = a()uy, in R x (0, 00),

u(z+1,t) = u(x,t) in R x (0, 00),
a(x +1) = a(x) in R,
v<a(r) <v'inR,

for some constant v € (0,1]. Show that there exists p = p(r) > 0 such that
1 1
/ u?(z,t)dr < e_“t/ u?(z,0)dr  Vt > 0.
0 0

5) Denote R = {(z1, ..., p_1,2,) € R" : 2, > 0}. Let e € (0,1).

1



(a) Show that there exists ¢ = ¢(n, ) > 0 such that the function v(z) = |z|*+ cz®
satisfies Av < 0 in R},
(b) Let © C R™ be an open bounded convex subset. Let u € C?*(Q) N C() be a
solution to the problem
Ay =0 in €,

{ u = g on 0,
where g : R" — R satisfies |g(z) — g(y)| < |z — y|* Show that there exists
K = K(n,a) > 0 such that |u(z) —u(y)| < K|z — y|°.



