
Theory of Probability and Measure Theory – Math 8652

Homework #5

1) Let X1, ..., Xn ∈ L1(Ω,F , P ). Define Span(X1, ..., Xn) as the collection of ele-
ments X of L1(Ω,F , P ) for each of which there exist real numbers α1, ...αn such
that ∥∥∥∥∥X −

n∑
k=1

αkXk

∥∥∥∥∥ = 0.

Prove that Span(X1, ..., Xn) is a closed subset of L1(Ω,F , P ).

2) Let Ω =
⋃

nAn be a partition of Ω into disjoint sets An ∈ F , n = 1, 2, ... such
that P (An) > 0 for any n. Let G = σ(An, n = 1, 2, ...). Assume that E|ξ| < ∞.
Prove that

E(ξ|G) =
1

P (An)
EξIAn

on An for any n.

3) Prove that any nonnegative quadratic function attains its minimum at at least
one point, that is, if we are given numbers aij, bi, c, i, j = 1, ..., d, such that the
function on Rd

f(x) =
d∑

i,j=1

aijxixj + 2
d∑

i=1

bixi + c = (ax, x) + 2(b, x) + c

is nonnegative, then there exists a point x̄ ∈ Rd such that

f(x̄) = inf
x∈Rd

f(x).

4) We know that for simple symmetric random walk Sn, n = 0, 1, 2, ..., starting
from the origin, the process

ξn =

(
5

4

)
2Sn

is a martingale. Prove that ξn → 0 a.s. and conclude from this that

E sup
n≥0

ξn =∞.
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