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The ODE v +u="f

Integral form:
t
u(t) = e tug +/ e °f(t—s)ds
0
In terms of probability:
u(t) = E[UOITEt] + E[f(l’ — T)IT<t] = E[UOITZt + f(t — T)IT<t]

where T is a random variable exponentially distributed T ~ Exp(1).
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The ODE v +u="f

Consider the random variable:

. up if T >t,
U(t)_{f(t—T) it T<t.

U can be approximated by sampling and taking average.

u(t) = E[U(1))].
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The ODE v + u = 2

Integral form:
t
u(t) =e fup —|—/ e *u*(t — s)ds
0

In terms of probability:
u(t) = E[UOIth] + E[U2(l’ — T)IT<t] = E[UOITZt + U2(t — T)/T<t]

where T ~ Exp(1).
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The ODE v + u = 2

Define (recursively) the random variable

. up if T >t,
ule) = { U —-TY Ut -T) if T<t

where UD) and U@ are independent copies of U.

u(t) = E[U(t)].

We can describe U by the following branching process.
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The ODE v + u = 2

To ~ Exp(1)

Ty 15
T1o

In this event,
u(t) = ug
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The ODE v + u = 2

Tp ~ Exp(1)

T T
T2
!

Comment:

e If 0 < up < 1, global solution (i.e. solution exists for all t > 0).

ket
u(t) = ket +1

@ If ugp > 1, solution blows up after finite time.

ket
u(t) = ket —1
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Navier-Stokes equations

Ou—Au+u-Vu+Vp=0 in RYx (0,00),
(NSE) : divu=0 in RY x(0,00),
u(,0) =up in RY.

Integro-differential equation:

t
u(x, t) = ePtug — / e®*Pdiv{u(t — s) ® u(t — s)]ds.
0
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Navier-Stokes equations

Ou—Au+u-Vu+Vp=0 in RYx (0,00),
(NSE) : divu=0 in RY x(0,00),
u(,0) =up in RY.
Integro-differential equation:

t
u(x, t) = ePtug — / e®*Pdiv{u(t — s) ® u(t — s)]ds.
0

In Fourier domain:

8(¢. 1) = e Pt 6 (€)oo / ~lels|¢) / G0, — $)Oe(E — .t — s)dnds

where a ©O¢ b = —i(e¢ - b)(meLa).
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Fourier-transformed Navier-Stokes equations (FNS)

Normalization to (FNS): LJS 1997, Bhattacharya et al 2003.
M6 = e ¥ xo(¢)
t olel2
o [ [t = 9) 0 x(6 = 0.t = ) HOri)dnos

where x = cpii/h and H(n|¢) = %(é—)n)

h: majorizing kernel, i.e. hx h = |¢|h.
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Cascade structure of FNS

Wi

§
To ~ Exp([¢[?)
Wy=¢§-Wy

tl 7~ B

—

—

TQ ~ EXp(|W2|2)

X0

Define a stochastic multiplicative functional recursively as

Xpns (€, t) = { ))((%E)f)

if To>t,

FNS(W17 t— T0)®§X1(7213]S(£ — Wl, t — To) if To <t.

Tuan Pham (Brigham Young University)

October 24, 2020 10/19



An example of Xpns

Consider the following event:

¢ Wi

Wl 1 W1 2

W,

On this event,

Xens (€5 ) = (xo(Wa1) ©Ow, xo(Wi2)) ©¢ xo( Wa).

Three ingredients: clocks, branching process, product.
Cascade structure = clocks + branching process.
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Stochastic explosion

n

Sn = min ZTUU, S= Ii_}m Sh=supS,

= n
|v|=n =0 neN

Explosion event: {S < oo}.
Non-explosion event : {S = oo}.
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Stochastic explosion

Branching process may never stop, potentially making Xgys not
well-defined.

@ Property of cascade structure, not of product.
@ Depending on the majorizing kernel h.

o 3D self-similar cascade hgilog(£) = C|€|72: stochastic explosion a.s.
(Dascaliuc, Pham, Thomann, Waymire 2019)

3D Bessel cascade hy(¢) = C|¢| e ¢l: non-explosive a.s.

(Orum, Pham 2019)
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Cheap Navier-Stokes equation

—Au = —A(u? in d 0
(cNSE) : { 3t”u(ﬁ)) - V=A(?) in R x (0,00),

uo in RY
With x = cpii/h, we have
X(6:t) = e xo(¢)

N /0 eIt g 2 / x(1,t = S)X(€ — 0.t — s)H(n|¢)dnds
= E[X(¢ 1)]

where
| x0(§) i To>t,

X(¢,t) = { XMWy, t — To)X@ (e — Wy, t — To) if To<t.
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Cascade solutions

Consider xo(£) =~ > 0. In case of non-explosion (e.g. the Bessel
cascade),

X&)=Y 7"pa(6 1)
n=1

pn(§,t) = P(S¢ > t, exactly n branches cross).

§
Ty ~ Exp(¢]?)
Wi , Wo=¢6-W

Ty ~ Exp(|W1[?)

[

T, ~ Exp(|W2*)

Xo0
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Cheap NSE in 3D

Bessel majorizing kernel: h = hy(§) = %el_gfl.

Oru—Au = /=A(?) in R3x(0,00),
2y

(cNSE):{ u(-0) = 2 n R3

Dascaliuc, Orum, Pham (2020)

e If 0 <y < 1, (cNSE) has a unique solution in L>(R3 x (0, c0)).

o If v =1, (cNSE) has a time-independent solution in L>(R3 x (0, T))
for any T < 0.

@ If v > 1, u blows up after finite time.
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Cheap NSE in 3D when v < 1

pn(§,t) = P(S¢ > t, exactly n branches cross).
By conditioning on the first time of branching, we get

/|§|2 —slel” / Zpk 1.t = 5)pn—k(§ — 1, t — s)H(n|¢)dnds

By induction, one can prove

pa(€, 1) < min{1, OA" 1 C e 1EVEY,

If v < 1, choose k small such that 4"\"~ < 1.

W—/

x(&, t)—Z’y pa(€, t SZ 4 )iy )T HIEIVE
n=1 n=1
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Cheap NSE in 3D when v > 1

7~ XW sy = BIXO],

L X ey, = E[XO),
5

1 ox@ xa = E[X®)].

Nal
Observation: X(WX®@ = xB)x® =1, xO = /x® x@ = /x*),

1
X=x1>—2 erlélve (Schwarz's inequality)
X2

Thus, i~ xh 2 e(:VE=DIE = ) blows up by time t = k2.
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Thank You!
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