Stochastic cascade methods for differential equations

Tuan Pham

Brigham Young University

January 18, 2022

Tuan Pham (Brigham Young University) January 18, 2022 1/13



Equation v/ +u=f, u(0) = up

Integral form:
t
u(t) = e ‘ug +/ e °f(t—s)ds
0

Probabilistically, u(t) = E[X(t)] where

- up if T >t
X(t)_{f(t—T) it T<t

and T ~ Exp(1).
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Logistic equation v/ +u=u

Integral form:
t
u(t) =e fup +/ e *u?(t — s)ds
0
Probabilistically, u(t) = E[X(t)] where

- UO lf TZ t7
X(t) = { XDt -T)XA(t-T) if T<t.

T ~ Exp(1)
XM and X@ are i.i.d. copies of X.
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Logistic equation v’ + u = u?, u(0) =

Ty ~ Ezp(1)

[T12
|

Tn

In this event, X(t) = u3. In general, X(t) = u(l)v(t).
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Logistic equation v’ + u = u?, u(0) =

Ty ~ Ezp(1)

[T12
|

Tn

In this event, X(t) = u3. In general, X(t) = u(l)v(t).
Uo

up — (up — 1)et

o If =1 < ug <1, global solution

Explicit solution: u(t) =

o If ug > 1, blowup solution
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a-Riccati equation (Athreya 1985, Dascaliuc et al. 2018)

v+ u=u?(at), u(0) = up

To ~ Exp(1)

Ty Ty ~ Exp(a)

T
Tll ’7_| 12 T21 |7 T22 ~ EXp(Oé2)

S = shortest path (random)

@ If0 < a<1then S =00 a.s. ~ non-explosion
o If @ >1then S < oo a.s. ~ explosion

e u(t) =P(S < t) solves the equation with ugp = 0 ~» non-uniqueness
of solutions for ac > 1.

Tuan Pham (Brigham Young University) January 18, 2022 5/13



KPP-Fisher equation (1930s)

1
Up = Sl = u? —u, u(x,0) = up(x)
McKean (1975) observed that u(x, t) = E[X(x, t)] where

[ wo(BY) it 721
X(X’t)_{X(l)(BZI(_,t—T)XQ)(B)-,(-,t—T) if T<t.
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Navier-Stokes equations

uy—Au+u-Vu+Vp=0 in R3x(0,00),
divu=0 in R3x(0,00),
u(-,0) =up in R3.

In Fourier domain:

a(c. 1) = 5 ao(ey e [ e [ an. e = s)oca(s — . e — s)dns

m@},b - -LLfo,'
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Normalized Navier-Stokes equations

Normalization (LeJan-Sznitman 1997): v = cii/h
t
V(g t) = e P y(6) +/ eIl g2 /3 v(n, t —s) @¢ v(§ —n,t — s)H(n|&)dnds
0 R

where H(n|¢) = M0 and b+ h = [¢]h.

Q
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Normalized Navier-Stokes equations

Normalization (LeJan-Sznitman 1997): v = cii/h

v(g, t) = e—t\é\zvo(f) +/0 e_s‘§‘2|§|2 /}R3 v(n,t —s) @¢ v(§€ —n, t — s)H(n|¢)dnds

where H(n|¢) = M0 and b+ h = [¢]h.

v(&, t) = E[X(&, t)] where

X(g t) B VO(f) if To>t,
LY X(l)(Wl, t— To)@§X(2)(W27 t— TO) if To<t.

Wi ~ H(-€) and Wo = € — Wy ~ H(-[€).
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Stochastic cascade

§

To ~ Exp(|¢|?)
Wi : Wy=¢(-W
Ul 1~ Exp(?)

]

T ~ Exp(|Wa*)

Vo

o w =P¢(S > t) solves

wie ) = e [ R [ e = sl — .t = 5)H(rie)dnds

o Bessel kernel h(¢) = c%lf‘ ~~ non-explosion.

o Self-similar kernel h(¢) = c|¢|~2 ~ explosion
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Non-explosion of Bessel cascade - Analytic approach

e_|f‘

[3
Dascaliuc, Pham, Thomann (2021): for all §, S = oo a.s.

h(§) = c

Sketched proof: we will show that w = 1 is a unique solution.
Reverse the normalization: w = cii/h where

(MS): e — Au = V=A(R), up(x) = \x\22+1

t
u=ePtuy + / V=D2eRt9)2(s5)ds
0

Kernel G(t) satisfies ||G(t)||zs < t% 2 for all g € [1, od].
By fixed-point argument, (MS) has a unique solution u(x, t) = up(x).
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Non-explosion of Bessel cascade - Applications

(MS),: ur — Au = V—A(u?), up(x) = |X|2211
Dascaliuc, Pham, Thomann (2021):

@ a > 1: finite-time blowup solution

o —1 < a<1: global solution

o —1 < a < 1: solution exponentially decays in time

Under certain assumption, NSE has a minimal blowup initial data
(Rusin-Sverak 2011, Jia-Sverak 2013, Gallagher et al 2016, Pham
2018,...), but MS doesn’t have minimal blowup data.

Dascaliuc, Pham, Thomann, Waymire (2021): proof of non-explosion
using probabilistic argument
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Explosion of self-similar cascade

h(€) = cl¢| 2
5 ‘
Wl W2
Wll W12
Wiz Wiz

Dascaliuc, Pham, Thomann, Waymire (2021):

21
7]

(MS): uy — Au = vV—A(u?), up(x)

has at least two solutions: uy = ug(x) and u, = cF1{|¢|72P¢(S > t)}.
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Proposed research

@ Monte Carlo simulation

solution in Fourier domain,

suitable to study energy cascade,

can apply to many differential equations,

very costly,

Decoupling Principle can be used to reduce the cost,
explosion issue.

@ Stochastic cascade and mean-field models for turbulence
e make precise the notion of averaging commonly used in empirical
theories of energy cascade (Kolmogorov 5/3, Large Eddy
Simulation,. . .)
o depletion of nonlinearity (®-product) needs to be better understood,
o Mean-field models that preserve the energy (dyadic shell model,
Burgers equation) are good starting points.
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