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Rayleigh-Bénard convection

Q :;R x (0,1)
0 X
KT:1
%(utﬁL uVu)+Vp = Ra(0,T)+ Au,
divu = 0

(Boussinesq) : )
T:+uVT = AT.

e Conductive state solution: u(x,y,t) =0, T(x,y,t)=1—y

e If Ra < Ra.: conductive state is a global attractor (Rayleigh 1916)
o Rigid-rigid boundaries: Ra. = 1708 (Drazin-Reid, pp. 50-52)
o Free-free boundaries: Ra. = # ~ 657.5 (Rayleigh 1916)
e Rigid-free boundaries: Ra. =~ 1101 (Drazin-Reid, pp. 50-52)
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RB convection - Stochastic forcing

Question: How does stochastic forcing affect the hydrodynamic stability?
Some related works:

e Venturi, Choi, Karniadakis (2012): Boussinesq with boundary
stochastic forcing (no conductive state)

o Hairer, Mattingly (2006, 2008): Navier-Stokes with bulk stochastic
forcing

@ Foldes, Glatt-Holtz, Richards, Whitehead (2024): Boussinesq with
bulk stochastic forcing
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RB convection - Stochastic boundary forcing

Y T=T(t
. /dT= a(k — T)dt + cdW;
Q=R x (0,1)
0 K x
T=1

T(x,y =1,t) = T(t) is an Ornstein-Uhlenbeck process:
dT =a(k — T)dt + cdW,

@ «, 0 > 0 are the drift term and strength of the noise
As t — oo, T(t) i)./\/-(li,%
Full RB layer: kK =0

Boundary RB layer: k =1/2
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RB convection - Stochastic boundary forcing

Theorem (Foldes, Pham, Whitehead (2025))

The conductive state u =0, T(x,y,t) = 7(y, t) where
7t — Ty, =0, 7(0,t) =1, 7(1,t) = T(t)

is ergodic and 7(y, t) N 7°(y) as t — oo, where

() =1+(0+r-1)y+ > wsin(kr(l-y))
k=1

Here, (70,71, 72, ---) is a Gaussian vector N'(0,X) where

= 202 (872k*m? + a(k® + m?))
T 2 2km(K2 + m2) (k2 + o) (m2m? + a)’
o? o?
2po=2ok = —

-9 oy =2
hk(m2kI+a) %7 2a
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RB convection - Energy stability

Let 6 =T — 7. Then

2 2) _
33t (1012 + g lul?) = ~0(u.6.7)

where
1
Qu,0,7) = HV0H2 + §||Vu||2 +/ w6 (1, — 1) dxdy
Q

Let

Q(u,0,7)
M) = 0 8R + (Pr Ra) Tull?

The conductive state 7 is exponentially asymptotically stable if

R
E[A(°)] = lim inf = /0 A(7(s))ds > 0
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RB convection - critical Rayleigh number

Note: A\(7) is the smallest eigenvalue of the Euler-Lagrange equations

A 1
TF\JQU = —FaAu+vq+K(Ty_1)(070), V'U—O,
N = —AO+k(ry —1)uw.

Step 1: Reduction to an ODE eigenvalue problem:

A ) 1 1 .
- TR‘;(ayy - 52)“2 = Fa(ayyyy - 2528}/}/ + 54)U2 + E(Tys - 1)529
A A~ 1 ~
Moo= (B — )0+ (17 — )iy

Step 2: For & € [a, b], we use Monte Carlo generated samples of 7° to
find the smallest eigenvalue numerically via the Dedalus software package.
Step 3: Find A\, = min{\: £ € [a, b]} via scipy.optimize of Python.
Step 4: Since we want E\, = 0, we adjust the interval [a, b] via bisection
root-finding method and go back to Step 2.
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RB convection - Numerical results

a=1,N,=K=32,Pr=10,k=0,N=768, & =0.005, no-slip log-log plot of the tail
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Observations:

@ Stochastic forcing at small magnitude has little to no effect, while
strong stochastic forcing has a destabilizing effect.

o Algebraic decay rate Ra ~ 02
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Couette flow

Y u = Rei = (Re,0)
1/
Q=Rx%(0,1)
N z
u=20
ur+uVu+Vp = Au,
divu = 0.

e Laminar flow solution: u(x,y,t) = yi = (y,0)
o If Re < Re. ~ 177.2: laminar flow is a global attractor (Orr 1907)
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Couette flow - Stochastic boundary forcing

Y uw = Re(U(t),0)
) /dU = o1 — U)dt + adW,

Q=Rx%(0,1)
N @
u=0

Theorem (Foldes, Pham, Whitehead (2025))
The laminar flow v(x,y,t) = Re(x(y, t),0) where

Xt — Xy =0, x(0,1) =0, x(1,t) = U(¢)
is ergodic and x(y,t) < xS(y) as t — 0o, where

() =1 +%)y + Y wsin(kn(l—y))
k=1

Here, (v0,71, 72, ---) is a Gaussian vector distributed as in RB convection case.

4
Tuan Pham (BYU-Hawaii) January 9, 2025 10/12




Couette flow - Numerical results

a=1, Ny=Kmax=32, N=768, € =0.005 log-log plot of the tail
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Observations:

@ Stochastic forcing at small magnitude has little to no effect, while
strong stochastic forcing has a destabilizing effect.
o Algebraic decay rate Re ~ 0! as 0 — 0.
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Thank You!
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