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Outline

• Three stereo problems
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Java Demo
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http://www.ai.sri.com/~luong/research/Meta3DViewer/EpipolarGeo.html

http://www.ai.sri.com/~luong/research/Meta3DViewer/EpipolarGeo.html
http://livepage.apple.com/


Epipolar Geometry Problems

4



Epipolar Geometry Problems

• Geometry -- Given point pairs  (x1n, x2n) , find the 
transform  F  that holds between all other point pairs  
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Epipolar Geometry Problems

• Geometry -- Given point pairs  (x1n, x2n) , find the 
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• Correspondence -- Given F and x1, find  x2
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Epipolar Geometry Problems

• Geometry -- Given point pairs  (x1n, x2n) , find the 
transform  F  that holds between all other point pairs  

• Correspondence -- Given F and x1, find  x2

• 3D Reconstruction -- Given  x1  and  x2 , find  X
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Epipolar Geometry Problems

• Geometry -- Given point pairs  (x1n, x2n) , find the 
transform  F  that holds between all other point pairs  
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Geometry
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l2l1

projection onto image 1

x1 = M1X = K1[I 0]X

2D point 3D point
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Geometry
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l2l1

projection onto image 1

x1 = M1X = K1[I 0]X

2D point 3D point

) X = M

�1
1 x1

what kind of inverse?



Review: Matrix Inverse
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M3⇥4 ) 3 < 4 ) we need the right inverse



Review: Matrix Inverse
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M3⇥4 ) 3 < 4 ) we need the right inverse

M MT (MMT )�1

| {z }
M�1

= I3⇥3

what is the size of the right inverse?



Review: Matrix Inverse
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Geometry
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l2l1

projection onto image 1

x1 = M1X = K1[I 0]X

projection onto image 2

2D point 3D point

reference
coordinate

system

x2 = M2X = K2[I 0][R T ]X



Geometry
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l2l1

projection onto image 1

x1 = M1X = K1[I 0]X

projection onto image 2

O1=Oc O2=OW

R, T

2D point 3D point

reference
coordinate

system

x2 = M2X = K2[I 0][R T ]X



Epipolar Constraint
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l2l1

l2 = e2 � x2 = [e2�]x2

epipolar line epipole

a line passing through two points:



Epipolar Constraint
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l2l1

x2 = M2X ^ X = M

�1
1 x1 ) x2 = M2M

�1
1 x1

Geometry:



Epipolar Constraint
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Epipolar Constraint
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Epipolar Constraint
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Epipolar Constraint
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l2l1

� l2 = [e2⇥]M2M
�1
1⇤ ⇥� ⌅

F

x1 = Fx1

fundamental matrix

x2 = M2X ^ X = M

�1
1 x1 ) x2 = M2M

�1
1 x1

Geometry:

l2 = e2 � x2 = [e2�]x2

Epipolar constraint:



Epipolar-Line Constraint
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l2l1

l2 = Fx1

[Faugeras and Luong, 1992]

fundamental 
matrix

epipolar line
in image 2

point
in image 1



Fundamental Equation
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l2l1

l2 = Fx1Epipolar-line constraint:

Point on the epipolar line: x

T
2 l2 = 0



Fundamental Equation
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l2l1

� xT
2 F x1 = 0

l2 = Fx1Epipolar-line constraint:

Point on the epipolar line: x

T
2 l2 = 0



Fundamental Matrix F

• What is the dimension of F?

• What is the rank of F?
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F = [e2⇥]M2M
�1
1

projection
matrices



Fundamental Matrix F

• F is 3x3 matrix

• F has rank 2

• det(F) = 0

• 7 degrees of freedom
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Why is F Useful?
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Why is F Useful?

Provides the information about 
3D scene geometry, 
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Why is F Useful?

Provides the information about 
3D scene geometry, 

without the need to reconstruct 
the scene in 3D
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Estimating the Fundamental Matrix
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The Eight-Point Algorithm

[Loguet-Higgins 1981, Hartley 1995]

F =

�

⇤
f11 f12 f13

f21 f22 f23

f31 f32 f33

⇥

⌅

det(F ) = 0 ⇒ 7 degrees of freedom,

    we need 8 point correspondences 



Estimating the Fundamental Matrix
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The Eight-Point Algorithm

[Loguet-Higgins 1981, Hartley 1995]

F =

�

⇤
f11 f12 f13

f21 f22 f23

f31 f32 f33

⇥

⌅

x

T
2n F x1n = 0, n = 1, . . . , N

Estimation using  N  pairs of points:



Estimating the Fundamental Matrix
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Estimating the Fundamental Matrix
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Estimating the Fundamental Matrix
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x

T
2n F x1n = 0, n = 1, . . . , N
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Estimating the Fundamental Matrix
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�W f = 0

Homogeneous system



Estimating the Fundamental Matrix
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�W f = 0

How to avoid the trivial solution  f = 0  ?

Homogeneous system



Least Squares
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s.t.

min
f

kW fk

kfk2 = 1



Least Squares
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s.t.

⇒ = last column of V

min
f

kW fk

kfk2 = 1

W = UDV T

f



Fundamental Matrix -- Least Squares Solution
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1) Compute SVD decomposition: 

Homogeneous system

W = UDV T

W f = 0

2) Take the last column of V, which corresponds
     to the smallest singular value of W

Unfortunately, yields a bad solution !



Least Squares Method is NOT Robust against Outliers
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without outliers with outliers

Fitting a model (e.g., line) to a given set of data samples

Squared error over all samples is heavily affected by outliers



RANSAC -- Random Sample Consensus

• Given

• Data samples

• Model specification  ( W f = 0 )

• Fitting the model to a random subset of samples

• Robust against outliers and missing data

• Assumptions:

• Outliers will not vote consistently for any particular model

• There are enough “good” samples that agree on a unique model 
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Fischler & Bolles, 1981



RANSAC -- Algorithm Steps

1. Select a subset of samples uniformly at random

2. Fit the model to the selected samples  ( W f = 0 )

3. Samples close to the result are inliers, the rest are outliers

4. Repeat 1--3 many times

5. Choose the best fit
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RANSAC -- Statistical Tests

• How many times do I need to repeat steps 1--3?

• How big should a subset of samples be?

• What does close mean?
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