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Scaling Functions

ϕj,k(x) = 2j/2ϕ(2jx− k)

Given: ϕ(x)
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Wavelet Functions

ψj,k(x) = 2
j
2 ψ(2jx− k)

Vj+1 = Vj ⊕WJ

〈ψj,k(x), ϕj,l(x)〉 = 0
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Wavelet Function Spaces

4



ϕ(x) =
∑

n

hϕ(n)
√

2ϕ(2x− n)

Relations Between the Scaling and Wavelet Functions

5

ϕ(x) =
∑

n

hϕ(n)
√

2ϕ(2x− n)

Relations Between the Scaling and Wavelet Functions

ϕ(2jx− k) =
∑

n

hϕ(n)
√

2ϕ(2(2jx− k)− n)

5



ϕ(x) =
∑

n

hϕ(n)
√

2ϕ(2x− n)

=
∑

n

hϕ(n)
√

2ϕ(2j ! " x− (2k + n))

Relations Between the Scaling and Wavelet Functions

ϕ(2jx− k) =
∑

n

hϕ(n)
√

2ϕ(2(2jx− k)− n)

5

ϕ(x) =
∑

n

hϕ(n)
√

2ϕ(2x− n)

=
∑

n

hϕ(n)
√

2ϕ(2j ! " x− (2k + n))

m = 2k + n

Relations Between the Scaling and Wavelet Functions

ϕ(2jx− k) =
∑

n

hϕ(n)
√

2ϕ(2(2jx− k)− n)

5



ϕ(x) =
∑

n

hϕ(n)
√

2ϕ(2x− n)

=
∑

n

hϕ(n)
√

2ϕ(2j ! " x− (2k + n))

=
∑

m

hϕ(m− 2k)
√

2ϕ(2j+1x−m)

m = 2k + n

Relations Between the Scaling and Wavelet Functions

ϕ(2jx− k) =
∑

n

hϕ(n)
√

2ϕ(2(2jx− k)− n)

5
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ψ(x) =
∑

n

hψ(n)
√

2ϕ(2x− n)

ψ(2jx− k) =
∑

n

hψ(n)
√

2ϕ(2(2jx− k)− n)

m = 2k + n

=
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m

hψ(m− 2k)
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Discrete Wavelet Transform

f(n) =
1√
M

∑

k

Wϕ(j0, k)ϕj0,k(n) +
1√
M

∞∑

j=j0

∑

k

Wψ(j, k)ψj,k(n)

Wϕ(j0, k) =
1√
M

∑

n

f(n)ϕj0,k(n)

Wψ(j, k) =
1√
M

∑

n

f(n)ψj,k(n), j ≥ j0

M = 2j

n = 0, 1, 2, . . . ,M − 1

j = 0, 1, 2, . . . , J − 1

k = 0, 1, 2, . . . , 2j − 1
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Fast Wavelet Transform
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Discrete Wavelet Transform
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Discrete Wavelet Transform
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Example: Discrete Wavelet Transform
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Example: Discrete Wavelet Transform
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Inverse Discrete Wavelet Transform
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Inverse Discrete Wavelet Transform
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Example: Inverse Discrete Wavelet Transform
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2D Scaling and Wavelet Functions

ϕ(x, y) = ϕ(x)ϕ(y)
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2D DWT
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2D DWT
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Uncertainty Principle

Energy spread of a function and its Fourier transform

CANNOT  BE

simultaneously arbitrarily small.
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Example: Uncertainty Principle
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Example: Uncertainty Principle
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1D Case: Gabor -- Ville -- Wigner

• Decompose a signal 

• over elementary waveforms

• that have a minimal spread in the time-frequency plane
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1D Case: Time-Frequency Plane
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u,v = offsets in time

!, " = offsets in frequency

25

Gabor Functions

Constructed by:

• Translating the window function g in

• Time by u

• Frequency by !

• Scaling the window function g

gk,u,ξ(t) = 2
k
2 g(2kt− u) ejξt
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Example
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