N

97 ‘ A

e (snl)

Oregon State
University

international

Reinforcement Learning Prediction
Intervals with Guaranteed Fidelity

Tom Dietterich, Oregon State University

Jesse Hostetler, SRI International

P
SRI International’ %
i



DARPA Prospective MDP Performance Guarantee

® oo
Human decision maker must decide ah So tﬂl
. (o o o)
whether to command an Al assistant
to execute policy m starting in state s, How will you behave?
for H steps

trajectory-wise

Al assistant provides a trajectory-wise I prediction interval I
prediction interval that guarantees with e

probability 1 — § that its behavior will
be inside the interval GO 0
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Summary of the Approach

|

Test Trajectory 60 =

Generate a set of trajectories o
Repeat N times

Sample a starting state s, ~ Py(+)

Test Trajectory 60

Execute i for h steps to obtain a trajectory

T AN

Apply our new technique

Perform quantile regression to learn two
functions

;-

0

Cumulative Reward
20

- o) . o) .
F71(sg,=) an estimate of the = quantile of the

return at time t o

-60

_ 5 _ 5
Fy ! (So, 1-— E) an estimate of the 1 — >
qguantile of the return at time t

Adjust these to obtain valid prediction x x x x x x
intervals using a new method, SDSCALEDBOX t
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Background: Conformal Prediction Intervals
(Vovk, Gammerman, Shafer, 2005)

Let X1, ..., Xy, Xne1 ~ P(:) x; E R “exchangeable draws”
Define S = {x4, ..., x,,} “training data”

Goal:

Determine hi(S) such that
Pr [x,., <hi(S)]=1-6

Xn+1~

Method
Let x(1), ..., X(n) be the order statistics (sorted order) of x4, ..., x5,

hi(S) = xq1-8)(n+ D)
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PrOOf (mformal) 100 points from Student t df=1

Suppose we computed

X(1)r = X(n)r X(n+1)
The rank of x,,,1 will be uniformly distributed within
these ranks (exchangeability)

Value
0
|
e} OQ%

The 1 — § quantile will be x([1-8)(n+1)])

chosen point
Prlxps1 < X(qa-s)msnn] =18 & P

Where would the corresponding quantile be in
X(l), ...,X(n)?
At quantile (1 — 6) nTH , because we now have only

n points

This will be position [(1 — §)(n + 1)] $

. 1 I T T T T I
This works as longas § = — 0 20 40 60 80 100
n+l Index
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Multivariate Prediction Interval

Given:
D =xq .., X, ~ P iid
D, = X441, -, Xy, ~ P iid
x; € R Vi
o

Find
lo, hi € R?

Pr [lOan+1 Shi] >1—-0
Xn+1~P

Challenge: Avoid thinking of this as d separate prediction intervals, as that
requires a Bonferonni correction (or related method)

Trick: Convert to a one-dimensional problem and apply conformal methods
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SDSCALEDBOX

ggmaptuct)ﬁ ]grgoefnn Snd sample standard original points scaled points ¢; values
viati 1
[:l\] V] O ®
0j VJ o . Cowm
Proposed prediction interval: ° - . ©
i; + Bé; - e CIDO
J. J . . o © o, ® gD
[ is our one-dimensional parameter ® © E @
Rescale the D, data along each O ® <
dimension ) O e o >
x{j:=|0if6j|=0 - @
o X
Xij =g else ° o “

!

ij
“widest dimension of standardized x;”

Sort to obtain c(y), ..., C(14)

Let ¢; := maxx
J

B = cqu-8)1s)
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Theorem 1. Let x4, ..., X,;, X,,+1 € R? be independent random variables with
distribution P. Let [lo, hi] be the multidimensional interval computed by
SDScALEDBOX when applied to x4, ..., x,, with 2 < m < n and confidence parameter

= L, 1) . Then with probability 1 — 0
n—-m
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Prospective Prediction Intervals for MDP Policies

Discrete time MDP with state space S, starting state distribution Py, and fixed policy
h-step trajectory

sample sy ~ Py

execute 1 for h steps

collect states, actions, and rewards into T

Define a behavior function B(t,t) to summarize the behavior of the policy at time ¢t
some aspect of s;
immediate reward
cumulative reward ry + -+ 14
futurerewardry + 1441 + -+ 151

b(t) = (b, - bT,h) is the “behavior vector” of trajectory T

Prospective prediction interval
lo(sy) < b(t) < hi(sy) with probability 1 — §

7.
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Quantile Regression

q
P(y|x) depends arbitrarily on x ' .
F(ylx) . "
cumulative distribution B : - 07
function of y at x _ . 0.6
F~1(g]x) ' - = 0.5
the value of y such that " : 0.4
F(ylx) = g e 03
Many algorithms for quantile | | * .
regression ]

We employ Quantile Random
Forests (Meinshausen, 2006) to
compute the §/2and1 — /2 L=
quantiles o

X
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Quantile Regression with Guarantees

Romano, Patterson & Candes (NeurlPS 2019) Conformalized
Quantile Regression .

Idea: Compute the “error” between the observed values y; and
the predicted quantile F~*(x;; q) and conformalize to get a 20-
“correction”

Two data sets:
D, : used for fitting F~1(x; q)
D, used for conformalization

For (x;,y;) €ED,; i=1,..,n
¢ =y —F 1 (x;9)
Sort to obtain c(yy, ..., C(p) 10-

Bound: hi(x) == F~'(x; @) + c(j(1-6)(n+1)])

Let (X;41, Yn+1) be a new data point 5 -
Cn+1'= Yn+1 — F_l(x» q) - - x

Claim: The c; values are exchangeable = rank of c,,;.; will be
uniformly distributed in c(q), ..., C(n41)

Therefore, Plcpy1 < hi(xp4q)] =16

pas
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ldea: Extend Conformalized Quantile Regression to Multiple
Dimensions

Three data sets
D4: behavior vectors for quantile regression
D,: behavior vectors for computing d;
D5: behavior vectors for computing lo, hi

Plan:
Fit quantile regression models F;1(sq; §/2) and F71(sq; 1 — 8/2) to D, for each
timestept

Compute “exceedances”: the amount that each trajectory goes outside the quantile
regression prediction

Compute d; for the exceedances at time t using D,
Use d; to standardize the exceedances of D,
Compute conformal prediction intervals on the exceedances

7.
Oregon State
University
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DARPA Compute “exceedances”

_ 5 - 0
xi,t = max (O, Ft 1 (So(Ti), E) — bi,t, bi,t — Ft ! (SO(Ti); 1 — E))

g gt
I

+i*""’"'_'""'_"4‘_"_"_"_'+'+'+'+“r"r"ri+t-rlr-lh-r-rlr-n-- Ft_l (SO (Ti)’ 1 — E)

o)
Ft_l <50 (Ti):§>
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Conformalized Quantile Regression: SDSCALEDQUANTILES

Given:

D;: behavior vectors for quantile regression
D,: behavior vectors for computing d;
D: behavior vectors for computing lo, hi
Fit quantile regression models F; 1(sq; 6/2) and F;1(sg; 1 — 8/2) to D, for each time step t
Compute “exceedances”: x; ; the amount that trajectory i goes outside the quantile regression prediction at time ¢

Compute 0; of the exceedances x; ; at time t using D,
Xi,t

~

Rescale exceedances: x{t = ~
! t

Compute c; for each trajectory in D3

C; = maxx;,
t )

Compute order statistics ¢(q), ..., C(p)

= (1-9) (nTH) quantile of the c values
lo, == F; '(s0; 6/2) — B&;

hi, = F7'(sg;1 —6/2) + B6,

pas
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Theorem 2. The behavior vector b(t,,1) will fall within the prediction interval [lo, hi]
returned by SDSCALEDQUANTILES with probability 1 — §

See also: Lei, Rinaldo & Wasserman (2013). Related result for general functional data
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(RPA Theory and Practice

The c([(l_(g%(nﬂ)]) estimate of the
(1-96) % quantile is unbiased but
often low for small samples

We want the estimation error to be > 0
with probability 1 — 0

Solution: Use the 1 — § upper bound
confidence interval on the target
quantile (heuristic)

Estimation Error

Strict estimation error 0.90 quantile of t(df=1)

(_O_

O

|
R E—

R N—

I
100

I
200

\ I I \ I
400 800 1600 3200 6400
Sample Size
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University
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Estimating 0.80 quantile of t{df=1)

<
[ S o _f;.__D__——(ZJ——__D___c

£ =
E_ (=]
n
A
L =
[ir] (=1
£ o
-— —p——A
% O —0 o

Ll
£ s
E
8

o
5]

=

(=1

20 25 30 35

sample size (log 10)

probability estimate >= truth
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Estimating 0.90 quantile of t{df=1)
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Quantile Estimation: Strict vs. Cl

Estimating 0.95 quantile of t{df=1)
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sample size (log 10)

probability estimate == truth
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Estimating 0.99 quantile of t(df=1)
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- o -0
A
o
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sample size (log 10)

Fraction of 1000 trials in which Strict and Cl methods exceeded the true target quantile
Cl computed according to Nyblom (1992)
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So many quantiles...

1. Quantile regression

1 . L
2. (1-9) % quantile of ¢ from conformalization

3. (1 —6) upper confidence bound on #2
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Problem 1: Tamarisk Invasions in River Networks

States:
7 edge river network | N | E

edge can be
I: invaded with tamarisk tree
N: occupied by native tree
E: empty
Actions: N N
Plant native
Eradicate tamarisk
Eradicate + Plant E
No-Op
Budget restricts us to one action on one edge per time \ 4
step

See Hall, Albers, Alkaee-Taleghan, Dietterich (2018)
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Cumulative Reward

DARPA Example Prospective Intervals and Actual Trajectories
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Tamarisk
Prediction
Interval
Coverage

Raw QR: 0/16
Strict: 16/16
Cl: 16/16

Trajectory Coverage
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| | 1 |
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Prediction
Interval Widths

Confidence Interval Width

100
90
80
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50
40
30
20
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20 30
Time Step t

40

50

e C| 0.01
- = Cl10.05
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DARPA MDP 2: Starcraft Battles

= Blue units: unif(5, 20)
- Red units: unif(5, 10)

- At time 14, Red receives reinforcements
unif(0, N) where N ~ unif(0,15)
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Starcraft

Prediction . N
Interval

Coverage .

Raw QR: 2/16

Strict: 5/16 . ot e e e e e S

Cl: 14/16

o o o =
00 00 O (e
o o o o

Trajectory Coverage
S
192}

0.70
250 500 1000 2000, 250 500 1000 2000, 250 500 1000 2000,250 500 1000 2000,
I | I Y
6 =0.20 o =0.10 _6 = 0.05 6 =0.01
Data Set Size

M Quantile Regression WM Conformal (strict) m Conformal (Cl)
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Starcraft £ .
° ° -E

Prediction Interval S

Widths = 20 ——cl0.01
2 - - » — - CI 0.05
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E 15 /':‘E ,’---Ps--‘:--.ls_.._a_;‘_ ===2C| 0.10
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[
g 5 -==-QR0.10
U ....... QR 0.20
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An Alternative: Total Exceedance Bound

Guarantee: With probability 1 — 6 the total exceedance along the trajectory will be T
Compute the Quantile Regression predictions
Let ¢; = the total exceedance of each trajectory in D4

Sort to obtain ¢(q), ..., C(n)
Compute the [(1 —6) (

n+1
n

)} quantile of these as the upper bound
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DARPA Tamarisk Total Exceedance Coverage
1.00

= il

250 500 %10002000;&250 500 TZI.O‘I)OZOOQLZSO 500 1;1000200(11250 500 E.OOOZOOQ
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DARPA Tamarisk Total Exceedance Bounds

10,000

(250 500 10002000 250 500 10002000,250 500 10002000,250 500 10002000,

| | | |
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WUl Starcraft Total Exceedance Coverage

1.00

0.95 e
Strict method fails 3 times
Cl method covers all 16 0.90 -
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DARPA Starcraft Total Exceedance Bounds

10 l ! 45.48

N w fud i O

Exceedance Bound
[y

1250 500 10002000,250 500 10002000,250 500 10002000,250 500 10002000,
Y ‘.f T. 1
5 =0.20 §=0.10 5 = 0.05 5 =0.01

Data Set Size
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o

il International’

Oregon State
University



Summary

Conformal Prediction Intervals for d-dimensional data
Trajectory-wise Prediction Intervals

Excellent performance on two MDPs
Alternative of Total Exceedance Bounds is ok for Starcraft but not for Tamarisk
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Uiy Assessment

The guarantees are semi-conditional
The quantile regressions are conditioned on s,
The conformal corrections are unconditional (“margina

I”

) and are taken over P,
If the failures are scattered throughout the state space, this is not a serious issue
But if the failures are concentrated in one region, then the claim is misleading

Additional techniques are required to address this shortcoming
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