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Abstract

In lossy compression, Blau and Michaeli [2] introduced the information rate-distortion-perception

(RDP) function, extending traditional rate-distortion theory by incorporating perceptual quality. More

recently, this framework was expanded by defining the rate-distortion-perception-classification (RDPC)

function, integrating multi-task learning that jointly optimizes generative tasks such as perceptual quality

and classification accuracy alongside reconstruction tasks [3]. To that end, motivated by the concept

of a universal RDP encoder introduced in [4], we investigate universal representations that enable

diverse distortion-classification tradeoffs through a single fixed encoder combined with multiple decoders.

Specifically, theoretical analysis and numerical experiments demonstrate that for the Gaussian source under

mean squared error (MSE) distortion, the entire distortion-classification tradeoff region can be achieved

using one universal encoder. In addition, this paper characterizes achievable distortion-classification

regions for fixed universal representations in general source distributions, identifying conditions that

ensure minimal distortion penalty when reusing encoders across varying tradeoff points. Experimental

results using MNIST and SVHN datasets validate our theoretical insights, showing that universal encoders

can obtain distortion performance comparable to task-specific encoders, thus supporting the practicality

and effectiveness of our proposed universal representations.
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I. INTRODUCTION

Rate-distortion theory has long served as the foundation for lossy compression, characterizing

the minimum distortion achievable at a given bit rate [5]. Conventional systems are typically

evaluated using full-reference distortion metrics such as Mean Squared Error (MSE), Peak

Signal-to-Noise Ratio (PSNR), Structural Similarity Index Measure (SSIM), and Multi-Scale

Structural Similarity Index (MS-SSIM) [6], [7]. However, recent research has demonstrated that

minimizing distortion alone is insufficient to yield perceptually convincing reconstructions. This

limitation is particularly evident in deep learning (DL)-based image compression, where empirical

evidence suggests that improvements in perceptual quality often come at the expense of increased

distortion [8], [9].

To address this limitation, Blau and Michaeli [2] introduced the rate-distortion-perception

(RDP) framework, which incorporates perceptual quality, measured via distributional divergence,

as an independent optimization axis. The RDP formulation reveals a fundamental tradeoff

among rate, distortion fidelity, and perceptual realism. Practical implementations, particularly

those using GANs [10], have demonstrated high perceptual quality at low bit rates [11]–

[14]. Common no-reference perceptual metrics include Fréchet Inception Distance (FID) [15],

Naturalness Image Quality Evaluator (NIQE), Perception-based Image Quality Evaluator (PIQE),

and Blind/Referenceless Image Spatial Quality Evaluator (BRISQUE) [16]–[18].

In the context of signal restoration, the authors in [19] pioneered the extension of the perception-

distortion tradeoff by introducing the classification-distortion-perception (CDP) framework.

Specifically, they incorporated the classification error rate of the restored signal as a third

dimension, complementing distortion and perceptual quality. Their work rigorously established the

inherent tradeoff within the CDP framework, demonstrating that it is impossible to simultaneously

minimize distortion, perceptual difference, and classification error rate.

Further extending this perspective, recent studies have integrated classification tasks into lossy

compression frameworks, enabling multi-task optimization that bridges the gap between image

compression and visual analysis [3], [20]. Initially proposed by Zhang et al. [20], the rate-

distortion-classification (RDC) model established a unified framework for optimizing the tradeoff

among rate, distortion, and classification accuracy in lossy image compression. Through extensive

statistical analysis of multi-distribution sources, the RDC model was shown to exhibit favorable

theoretical properties, including monotonic non-increasing behavior and convexity under specific
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conditions. Building upon this foundation, Wang et al. [3] formalized the concept further by

introducing the rate-distortion-perception-classification (RDPC) function. Their results rigorously

demonstrated inherent tradeoffs within the RDPC framework, revealing that enhancements in

classification accuracy generally incur higher distortion or reduced perceptual quality.

Given these intricate tradeoffs in lossy compression scenarios, a fundamental question emerges:

are these tradeoffs inherently determined by the encoder’s chosen representation, or can a

single encoder representation adapt to multiple objectives via different decoding strategies? To

investigate this, the concept of a universal RDP framework was introduced in [4], utilizing a

single fixed encoder in conjunction with multiple decoders to achieve diverse points within the

distortion-perception space without retraining the encoder.

In this paper, motivated by this universal approach, we investigate universal representations that

enable diverse distortion-classification tradeoffs through a single fixed encoder combined with

multiple decoders. Specifically, theoretical analysis and numerical experiment demonstrate that

for the Gaussian source under MSE distortion, the entire distortion-classification tradeoff region

can be achieved using one universal encoder. In addition, this paper characterizes achievable

distortion-classification regions for fixed universal representations in general source distributions,

identifying conditions that ensure minimal distortion penalty when reusing encoders across varying

tradeoff points. Experimental results using MNIST and SVHN datasets validate our theoretical

insights, showing that universal encoders can obtain distortion performance comparable to task-

specific encoders, thus supporting the practicality and effectiveness of our proposed universal

representations.

II. RELATED WORK

Lossy compression has traditionally been studied through the framework of rate-distortion

theory [5], which characterizes the minimum bit rate required to encode a source within a

specified distortion level. Classical information theory has also explored distribution-preserving

lossy compression, aiming to maintain statistical properties of the source in the reconstruction [21]–

[23]. Recent advances in generative modeling [24] have reignited interest in these foundations,

particularly in the context of machine learning and representation learning. Modern frame-

works increasingly leverage rate-distortion principles to learn compact, information-constrained

representations [25]–[27].
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Within the rate-distortion-perception framework, distortion is typically evaluated using full-

reference metrics that compare the reconstructed signal with the original. These include mean

squared error (MSE), peak signal-to-noise ratio (PSNR), and structural similarity index (SSIM) [6].

In contrast, perceptual quality is assessed using no-reference metrics, which rely on the statistical

properties of the output alone. Examples include Fréchet Inception Distance (FID) [15], Perception-

based Image Quality Evaluator (PIQE) [18], Naturalness Image Quality Evaluator (NIQE) [17],

and Blind/Referenceless Image Spatial Quality Evaluator (BRISQUE) [16].

The emergence of generative adversarial networks (GANs) has significantly advanced the field

of perceptual compression. GAN-based models can produce visually realistic reconstructions,

motivating the use of trained discriminators as perceptual quality evaluators [14]. Theoretically,

this is supported by the correspondence between GAN objectives and statistical divergence

measures [11], [13], [28]. Building on these insights, several works have integrated GAN-based

regularization into compressive autoencoder frameworks [2], [8], enabling high perceptual quality

even at extremely low bitrates [29].

Blau and Michaeli [9] first formalized the perception-distortion tradeoff, which was later

extended into the RDP framework [2]. These contributions inspired a broader class of models for

distribution-preserving lossy compression [12], underscoring the necessity of jointly optimizing

for perceptual realism and distortion fidelity.

Further extending this perspective, the classification-distortion-perception framework [19]

introduced classification accuracy as an additional optimization axis. This formulation revealed

that perceptual quality, distortion, and classification performance are fundamentally at odds:

improving one often degrades the others. In multi-task learning settings, recent work [3], [20]

proposed the rate-distortion-classification and rate-distortion-perception-classification functions,

formalizing the joint optimization of these competing objectives. Their analyses revealed structural

properties such as convexity and monotonicity of the tradeoff regions and empirically confirmed

that improving classification accuracy typically incurs higher distortion or reduced perceptual

quality.

To alleviate the need for retraining encoders for every task-specific operating point, the concept

of universal RDP representations was proposed in [4]. This framework fixes the encoder and

trains multiple decoders to support diverse perceptual-distortion tradeoffs. The authors proved

that such universal representations are approximately optimal under certain conditions, offering

practical advantages for multi-objective compression without sacrificing performance.
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III. RATE-DISTORTION-CLASSIFICATION REPRESENTATIONS

Consider a source generating observable data X ∼ pX , which inherently contains multiple

target labels represented by variables S1, . . . , SK ∼ pS1,...,SK
. The observable data X and these

intrinsic variables are correlated, following a joint probability distribution pX,S1,...,SK
over the

space X × S1 × · · · × SK . While the target variables are not directly observable, they can be

inferred from X . For example, if X is an image, classification tasks can be object recognition

or scene understanding. As illustrated in Fig. 1, the lossy compression process consists of

𝑋𝑛 Encoder Decoder ෠𝑋𝑛

𝑆1, 𝑆2, … , 𝑆𝐾

Z

Distortion Loss
𝔼[∆(𝑋, ෠𝑋)]

Classification Loss
𝐻(𝑆𝑘| ෠𝑋)

መ𝑆1, መ𝑆2, … , መ𝑆𝐾

Figure 1: Illustration of task-oriented lossy compression framework.

an encoder and a decoder. Consider a source that generates an independent and identically

distributed (i.i.d.) sequence X1, X2, . . . , Xn ∼ pX . The encoder, represented by the function

f : X n → {1, 2, . . . , 2nR}, maps the input sequence Xn into a compressed message M at a rate

of R bits. This message is then processed by the decoder, defined as g : {1, 2, . . . , 2nR} → X̂ n,

which reconstructs the sequence X̂n. The goal of this process is to preserve essential information

while efficiently compressing data to meet the requirements of downstream tasks.

Distortion constraint. The reconstructed output X̂ must satisfy the following distortion

constraint:

E(∆(X, X̂)) ≤ D, (1)

where ∆ : X × X̂ → R+ represents a distortion metric such as Hamming distortion or mean

squared error. The expectation is computed over the joint distribution pX,X̂ = pX̂|XpX .

Classification constraint. We impose the following classification constraint:

H(Sk|X̂) ≤ Ck, k ∈ [K], (2)

for some Ck > 0. This ensures that the uncertainty of the classification variable Sk given the

reconstructed source X̂ does not exceed Ck [3].
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Information RDC function. To quantify the achievable rate under both distortion and classifi-

cation constraints, the information rate-distortion-classification function for a source X ∼ pX is

defined as follows:

Definition 1 (Information Rate-Distortion-Classification Function). [3] For a source X ∼ pX

and a single associated classification variable S, the information rate-distortion-classification

function is defined as:

R(D,C) = min
pX̂|X

I(X; X̂) (3a)

s.t. E[∆(X, X̂)] ≤ D, (3b)

H(S|X̂) ≤ C. (3c)

IV. GAUSSIAN SOURCE CASE

This section examines the rate-distortion-classification tradeoff for a scalar Gaussian source.

Leveraging the analytical tractability of the Gaussian setting, we derive closed-form expressions

for both the RDC and DCR functions, offering valuable insights into the relationship between

compression, distortion, and classification accuracy.

For a scalar Gaussian source, the closed-form expression of R(D,C) is given in the following

theorem by Wang et al. [3].

Figure 2: Illustration of the information rate-distortion-classification function of a Gaussian

source.
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Theorem 1 (Information Rate-Distortion-Classification Function for a Gaussian Source). [3] Let

X ∼ N (µX , σ
2
X) be a Gaussian source and S ∼ N (µS, σ

2
S) be an associated classification variable,

with a covariance of Cov(X,S) = θ1. The problem (2) is feasible if C ≥ 1
2
log
(
1− θ21

σ2
Sσ

2
X

)
+h(S).

For the MSE distortion (i.e., E[∆(X, X̂)] = E[(X − X̂)2]), the information rate-distortion-

classification function is achieved by a jointly Gaussian estimator X̂ and given by

R(D,C)=


1
2
log

σ2
X

D
, D ≤ σ2

X

(
1− 1

ρ2

(
1− e−2h(S)+2C

))
−1

2
log
(
1− 1

ρ2

(
1− e−2h(S)+2C

))
, D > σ2

X

(
1− 1

ρ2

(
1− e−2h(S)+2C

))
0, C > h(S) and D > σ2

X .

where ρ = θ1
σSσX

represents the correlation coefficient between X and S, while h(·) denotes the

differential entropy.

The visualization of Theorem 1 is provided in Figure 2, with parameters set to σ2
X = σ2

S = 1.0

and θ1 = 0.5. The tradeoff between rate, distortion, and classification is clearly illustrated.

This characterization highlights the intricate tradeoff between reconstruction fidelity and

classification performance. In the first case of the theorem, the RDC function reduces to the

classical rate-distortion formulation, with the classification constraint inactive. As the constraint

tightens (i.e., C decreases), a higher rate is required to jointly satisfy both distortion and

classification objectives. This dependency is reflected in the curvature of the RDC boundary

illustrated in Figure 2.

Furthermore, we characterize the minimum achievable distortion as a function of C and R by

the following definition.

Definition 2. For a source X ∼ pX and classification variable S, the information distortion-

classification-rate (DCR) function is defined as:

D(C,R) = min
pX̂|X

E[(X − X̂)2] (4a)

s.t. I(X; X̂) ≤ R, (4b)

H(S|X̂) ≤ C. (4c)

Our first contribution is the derivation of a closed-form expression for D(C,R) in the Gaussian

source setting, as formally stated in Theorem 2.
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Theorem 2 (Information Distortion-Classification-Rate Function for a Gaussian Source). Consider

a Gaussian source X ∼ N (µX , σ
2
X) and an associated classification variable S ∼ N (µS, σ

2
S)

with covariance Cov(X,S) = θ1. The problem (4) is feasible if the classification loss satisfies

C ≥ 1
2
log
(
1− θ21

σ2
Sσ

2
X

)
+h(S). Under the MSE distortion, the information distortion-classification-

rate function is achieved by a jointly Gaussian estimator X̂ and is given by

D(C,R) =



σ2
Xe

−2R, C > 1
2
log
(
1− θ21(σ

2
X−σ2

Xe−2R)

σ2
Sσ

4
X

)
+ h(S)

σ2
X − σ2

Sσ
4
X

θ21

(
1− e−2h(S)+2C

)
,

1
2
log
(
1− θ21

σ2
Sσ

2
X

)
+ h(S) ≤ C ≤ 1

2
log
(
1− θ21(σ

2
X−σ2

Xe−2R)

σ2
Sσ

4
X

)
+ h(S)

0, C > h(S) and R > h(X).

Proof. Consider the distortion-classification-rate function D(C,R) under the MSE distortion

criterion as follows

D(C,R) = min
pX̂|X

E[(X − X̂)2] (5a)

s.t. I(X; X̂) ≤ R, (5b)

h(S|X̂) ≤ C. (5c)

where (X,S) are jointly Gaussian random variables with covariance Cov(X,S) = θ1. The optimal

solution is attained when X̂ is also Gaussian and jointly distributed with X [3], [4], [30]. Indeed,

we can replace any random variable X̂ with a Gaussian random variable X̂G, having same mean

and variance as X , such that (a) E[(X − X̂)2] ≥ E[(X − X̂G)
2], (b) I(X; X̂) ≥ I(X; X̂G), and

(c) h(S|X̂) ≥ h(S|X̂G). The proof for claims (a) and (b) can be found in the proof of Theorem

1 in [4], and claim (c) is inherited from the entropy power inequality in [30], [31]. Thus, the

optimization reduces to a parameter search over the mean µX̂ , variance σ2
X̂

, and covariance

Cov(X, X̂) = θ2.

By applying the closed-form expressions for differential entropy and mutual information of

jointly Gaussian variables [5], we obtain:

I(X; X̂) = −1

2
log

(
1− θ22

σ2
Xσ

2
X̂

)
, (6)



9

And for the classification constraint:

h(S|X̂) = h(S)− I(S; X̂) ≤ C,

I(S; X̂) ≥ h(S)− C,

−1

2
log

(
1− θ21

σ2
Sσ

4
X

× θ22
σ2
X̂

)
≥ h(S)− C.

Additionally, the mean squared error between X and X̂ can be expressed as [4]:

E[(X − X̂)2] = (µX − µX̂)
2 + σ2

X + σ2
X̂
− 2θ2. (7)

Then, the D(C,R) problem can be formulated as:

D(C,R)= min
µX̂ , σX̂ , θ2

(µX − µX̂)
2 + σ2

X + σ2
X̂
− 2θ2 (8a)

s.t.− 1

2
log

(
1− θ22

σ2
Xσ

2
X̂

)
≤ R, (8b)

− 1

2
log

(
1− θ21

σ2
Sσ

4
X

θ22
σ2
X̂

)
≥ h(S)− C. (8c)

Since both the rate constraint (8b) and the classification constraint (8c) are independent of

the mean µX̂ , and θ2 only depends on the variance of X and X̂ when X and X̂ are Gaussian

distributions, the objective function is minimized when the means match, i.e., (µX − µX̂)
2 +

σ2
X + σ2

X̂
− 2θ2 ≥ σ2

X + σ2
X̂
− 2θ2, we let µX = µX̂ in the subsequent derivations.

To ensure that the mutual information expression in (8b) is well-defined, it is necessary that

1− θ22
σ2
Xσ2

X̂

> 0, i.e., θ22
σ2
X̂

< σ2
X . Under this condition, the mutual information between S and X̂ is

upper bounded as

I(S; X̂) = −1

2
log

(
1− θ21

σ2
Sσ

4
X

× θ22
σ2
X̂

)
≤ −1

2
log

(
1− θ21

σ2
Sσ

2
X

)
,

which implies that constraint (8c) becomes infeasible if C < 1
2
log
(
1− θ21

σ2
Sσ

2
X

)
+h(S). Therefore,

to guarantee feasibility, we assume throughout that

C ≥ 1

2
log

(
1− θ21

σ2
Sσ

2
X

)
+ h(S).

The optimization problem (8) can be effectively solved using the Karush-Kuhn-Tucker (KKT)

conditions. Our approach systematically explores all possible combinations of active and inactive

rate and classification constraints to characterize the optimal solution.

Case 1. Constraint (8b) is active and constraint (8c) is inactive.
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Recall the classical Shannon rate-distortion function for a Gaussian source X ∼ N (µX , σ
2
X) [5]:

R(D) =


1
2
log(

σ2
X

D
), 0 ≤ D ≤ σ2

X

0, D > σ2
X .

And,

D(R) = σ2
Xe

−2R,

with the optimal solution attained by some pX̂|X where X̂ ∼ N (µX , σ
2
X − σ2

Xe
−2R). In this

case, we have D(C,R) = σ2
Xe

−2R, achieved by choosing σ2
X̂

= σ2
X − σ2

Xe
−2R when the rate

constraint (8b) is active. It implies that:

−1

2
log

(
1− θ22

σ2
Xσ

2
X̂

)
= R ⇒ θ2 = σ2

X − σ2
Xe

−2R.

The constraint (8c) is not active if

−1

2
log

(
1− θ21

σ2
Sσ

4
X

θ22
σ2
X̂

)
> h(S)− C.

Hence,

C >
1

2
log

(
1− θ21(σ

2
X − σ2

Xe
−2R)

σ2
Sσ

4
X

)
+ h(S).

Therefore, D(C,R) = σ2
Xe

−2R if C > 1
2
log
(
1− θ21(σ

2
X−σ2

Xe−2R)

σ2
Sσ

4
X

)
+ h(S).

Case 2. Constraint (8b) is inactive and constraint (8c) is active.

The classification constraint (8c) is active, infer that:

−1

2
log

(
1− θ21

σ2
Sσ

4
X

θ22
σ2
X̂

)
= h(S)− C,

⇒ θ22
σ2
X̂

=
σ2
Sσ

4
X

θ21

(
1− e−2h(S)+2C

)
. (9)

We choose σ2
X̂
= θ2 =

σ2
Sσ

4
X

θ21

(
1− e−2h(S)+2C

)
and substitute into the distortion expression:

E[(X − X̂)2] = σ2
X + σ2

X̂
− 2θ2,

= σ2
X − σ2

Sσ
4
X

θ21

(
1− e−2h(S)+2C

)
.

Substitute (9) into the rate expression (6), we get:

I(X; X̂) = −1

2
log

(
1− σ2

Sσ
2
X

θ21

(
1− e−2h(S)+2C

))
.
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So, the rate constraint (8b) is inactive when

−1

2
log

(
1− σ2

Sσ
2
X

θ21

(
1− e−2h(S)+2C

))
< R,

⇒ C <
1

2
log

(
1− θ21(σ

2
X − σ2

Xe
−2R)

σ2
Sσ

4
X

)
+ h(S).

Therefore, D(C,R) = σ2
X − σ2

Sσ
4
X

θ21

(
1− e−2h(S)+2C

)
if C < 1

2
log
(
1− θ21(σ

2
X−σ2

Xe−2R)

σ2
Sσ

4
X

)
+ h(S).

Case 3: Both the rate constraint (8b) and the classification constraint (8c) are active.

From case 2, we know that the classification constraint (8c) is active if

σ2
X̂
= θ2 =

σ2
Sσ

4
X

θ21

(
1− e−2h(S)+2C

)
,

and,

E[(X − X̂)2] = σ2
X − σ2

Sσ
4
X

θ21

(
1− e−2h(S)+2C

)
.

The rate constraint (8b) is active if

I(X; X̂) = −1

2
log

(
1− σ2

Sσ
2
X

θ21

(
1− e−2h(S)+2C

))
= R.

⇒ C =
1

2
log

(
1− θ21(σ

2
X − σ2

Xe
−2R)

σ2
Sσ

4
X

)
+ h(S).

Therefore, D(C,R) = σ2
X − σ2

Sσ
4
X

θ21

(
1− e−2h(S)+2C

)
if C = 1

2
log
(
1− θ21(σ

2
X−σ2

Xe−2R)

σ2
Sσ

4
X

)
+ h(S).

Case 4. Both constraint (8b) and constraint (8c) are inactive.

When C > h(S), implying that the classification constraint (8c) is inactive, and the rate R

is sufficiently large such that R > h(X), meaning the rate constraint (8b) is also inactive, the

minimum achievable distortion D(C,R) reaches its theoretical lower bound, i.e., D(C,R) = 0.

This is achieved by setting X̂ = X , which leads to zero reconstruction error, i.e., E[(X−X̂)2] = 0.

Furthermore, all constraints are satisfied since I(X; X̂) = h(X) < R, and h(S|X̂) = h(S|X) ≤

h(S) < C.

Therefore, D(C,R) = 0 if C > h(S) and R > h(X).

In summary, combining the four cases, the closed-form expression for the information distortion-

classification-rate function D(C,R) under MSE distortion is given by Theorem 2.

For any fixed R, as C increases from 1
2
log
(
1− θ21

σ2
Sσ

2
X

)
+h(S) to 1

2
log
(
1− θ21(σ

2
X−σ2

Xe−2R)

σ2
Sσ

4
X

)
+

h(S), the distortion D(C,R) decreases monotonically from

σ2
X +

σ2
Sσ

4
X(1− e2C−2h(S))

θ21
− 2

σSσ
3
X

√
(1− e−2h(S)+2C)(1− e−2R)

θ1
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(a) D(C,R) function for a Gaussian source. (b) D(C,R) functions across multiple rates.

Figure 3: Illustration of the DCR functions: (a) shows the D(C,R) function for a Gaussian

source, and (b) shows how the function varies across multiple rates.

to the optimal value σ2
Xe

−2R. Increasing C beyond this point does not yield further improvements

in distortion.

Figure 3 shows the information distortion-classification-rate function in Theorem 2, with

parameters set to σ2
X = σ2

S = 1.0 and θ1 = 0.7. Subfigure 3(a) depicts the DCR tradeoff at a

fixed rate, while subfigure 3(b) illustrates how the function varies across multiple rate values.

These plots illustrate the operational interpretation of the DCR surface. At a fixed rate, relaxing

the classification constraint (i.e., increasing C) enables lower achievable distortion. Conversely,

for a fixed classification constraint, increasing the rate allows the encoder to preserve more

source information, thereby reducing distortion. This visualization highlights the fundamental

tradeoff among rate, distortion, and classification, and identifies regimes where further relaxing

classification requirements yields diminishing returns in distortion.

V. UNIVERSAL ENCODER REPRESENTATIONS

Designing separate encoders for each distortion-classification constraint is often not desirable.

This motivates the use of universal representations, where a single encoder supports multiple

decoding constraints, each for a distinct task, as shown in Figure 4. This section introduces the

universal RDC framework, quantifies the rate penalty, and presents theoretical results for both

Gaussian and general sources.
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A. Definitions

In the standard RDC setting, the minimum rate to satisfy a distortion-classification pair (D,C)

is achieved by jointly optimizing the encoder and decoder. The proposed universal RDC framework

extends this by fixing the encoder and allowing the decoder to adapt, thereby supporting all

constraint pairs (D,C) ∈ Θ, where Θ is a given set of multiple (D,C) pairs. As illustrated in

Fig. 4, the encoder produces a shared latent representation Z, while each decoder i implements

a conditional distribution pX̂Di,Ci
|Z , generating reconstructions X̂Di,Ci

that satisfy their respective

distortion and classification constraints (Di, Ci).

Figure 4: Illustration of the universal encoder representation framework.

A particularly interesting case arises when the set Θ includes all distortion-classification pairs

(D,C) that lie along the RDC curve for a fixed rate. This setting raises a fundamental question:

How much additional rate is required to simultaneously satisfy all constraints in Θ using a

single encoder, rather than designing a separate encoder for each target pair? Ideally, the cost

of universality should be minimal, implying that the excess rate required to support all tasks is

close to that needed for the most demanding constraint in Θ.

To formalize this notion, we introduce information universal rate-distortion-classification

function by adapting the definition from [4]. We assume that X is a random variable and Θ is a

non-empty set of constraint pairs (D,C).

Definition 3 (Information Universal RDC Function). Let Z be a representation of X , generated

through a conditional distribution pZ|X . Define PZ|X(Θ) as the set of such transformations

for which, for every (D,C) ∈ Θ, there exists a decoder pX̂D,C |Z such that E[∆(X, X̂D,C)] ≤

D and H(S|X̂D,C) ≤ C, with the Markov chain X ↔ Z ↔ X̂D,C holding. The information
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universal RDC function is defined as

R(Θ) = inf
pZ|X∈PZ|X(Θ)

I(X;Z). (10)

A representation Z is said to be Θ-universal with respect to X if it allows all constraints in

Θ to be satisfied using appropriate decoders. In this context, each decoder pX̂D,C |Z maps the

shared representation Z to a reconstruction X̂D,C tailored to the specific constraint pair. The

quantity R(Θ) thus captures the minimal rate needed to meet all constraints in Θ with a shared

encoder. In contrast, the term sup(D,C)∈Θ R(D,C) represents the rate required to satisfy only the

most demanding individual constraint. The difference between these two defines the rate penalty.

Similarly, we adapt the definition from [4] to quantify the rate penalty under the classification

constraint as follows:

Definition 4 (Rate Penalty). The rate penalty for a constraint set Θ is defined as

A(Θ) = R(Θ)− sup
(D,C)∈Θ

R(D,C), (11)

which quantifies the additional rate incurred when using a single encoder to satisfy all constraints

in Θ.

Let Ω(R) = {(D,C) : R(D,C) ≤ R} denote the set of distortion-classification pairs that are

achievable at rate R. Ideally, we would like A(Ω(R)) = 0 for all R, indicating that the entire

tradeoff curve can be achieved without incurring any additional cost for universality. This would

eliminate the need to design separate encoders for different distortion-classification goals at the

same rate.

Given a representation Z, we define the associated achievable distortion-classification region as

Ω(pZ|X) =
{
(D,C) : ∃ pX̂D,C |Z such that E[∆(X, X̂D,C)] ≤ D, H(S|X̂D,C) ≤ C

}
.

Intuitively, Ω(pZ|X) describes the set of constraint pairs that can be satisfied using the fixed

representation Z. If a representation Z satisfies I(X;Z) = R and Ω(pZ|X) = Ω(R), then Z

is said to achieve the maximal distortion-classification region at rate R. That is, for any other

representation Z ′ with I(X;Z ′) ≤ R, we have Ω(pZ′|X) ⊆ Ω(pZ|X).

B. Universal Encoder Representation Characterization

Theorem 3 (No Rate Penalty for a Gaussian Source). Let X ∼ N (µX , σ
2
X) be a scalar Gaussian

source and let S ∼ N (µS, σ
2
S) be an associated classification variable. Assume MSE distortion
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and classification loss measured by H(S|X̂). Let Θ denote any non-empty set of distortion-

classification constraint pairs (D,C). Then,

A(Θ) = 0, (12)

which implies that satisfying the most demanding constraint in Θ is sufficient to simultaneously

satisfy all others using a fixed encoder and there is no rate penalty for universality in this case.

Furthermore, consider any representation Z that is jointly Gaussian with X and satisfies

I(X;Z) = sup
(D,C)∈Θ

R(D,C). (13)

Then the following inclusion holds:

Θ ⊆ Ω(pZ|X) = Ω(I(X;Z)), (14)

meaning that Z achieves the maximal distortion-classification region at rate I(X;Z); i.e., all

constraints in Θ are simultaneously achievable via appropriate decoders applied to a shared

representation Z.

Proof. The proof method follows the approach presented in [4]. Let R = sup(D,C)∈Θ R(D,C).

By definition, Θ ⊆ Ω(R), where Ω(R) denotes the set of all achievable distortion-classification

pairs at rate R. The lower boundary of this region, the optimal tradeoff curve, is characterized by

D = σ2
X − σ2

Sσ
4
X

θ21

(
1− e−2h(S)+2C

)
,

C ∈
[
1

2
log

(
1− θ21

σ2
Sσ

2
X

)
+ h(S),

1

2
log(1− θ21(σ

2
X − σ2

Xe
−2R)

σ2
Sσ

4
X

) + h(S)

)
.

Every point in Ω(R) is component-wise dominated by a point on this boundary. Consider

a representation Z that is jointly Gaussian with X , such that I(X;Z) = R. This implies the

squared correlation coefficient between X and Z satisfies ρ2XZ = 1− 2−2R [4], where

ρXZ =
Cov(X,Z)

σXσZ

=
E[(X − µX)(Z − µZ)]

σXσZ

.

For any point (D,C) on the boundary, define the corresponding reconstruction as:

X̂D,C = sign(ρXZ)γ(Z − µZ) + µX ,

where γ denotes a scaling coefficient and

sign(ρXZ) =

1, for ρXZ ≥ 0,

−1, for ρXZ < 0.
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With this construction, we have:

µX̂D,C
= E[sign(ρXZ)γ(Z − µZ) + µX ],

= sign(ρXZ)γ(E[Z]− E[Z]) + µX = µX .

And,

σX̂D,C
= γ2σZ ,

Cov(X, X̂D,C) = γCov(X,Z).

We now choose:

σX̂D,C
= θ2 =

σ2
Sσ

4
X(1− e−2h(S)+2C)

θ21
.

Solving for γ, we obtain:

γ =
σSσ

2
X

√
1− e−2h(S)+2C

θ1σZ

.

Hence,

X̂D,C = sign(ρXZ)
σSσ

2
X

√
1− e−2h(S)+2C

θ1σZ

(Z − µZ) + µX .

We now verify that this reconstruction satisfies the distortion and classification constraints.

Distortion constraint.

E[∥X − X̂D,C∥2] = σ2
X + σ2

X̂D,C
− 2θ2,

= σ2
X − σ2

Sσ
4
X

θ21

(
1− e−2h(S)+2C

)
,

= D.

Classification constraint.

h(S|X̂D,C) = h(S)− I(S|X̂D,C),

= h(S) +
1

2
log

(
1− θ21

σ2
Sσ

4
X

θ22
σ2
X̂D,C

)
,

where
θ22

σ2
X̂D,C

=
σ2
Sσ

4
X(1− e−2h(S)+2C)

θ21
.
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Substituting in, we get:

h(S|X̂D,C) = h(S)

+
1

2
log

(
1− θ21

σ2
Sσ

4
X

σ2
Sσ

4
X(1− e−2h(S)+2C)

θ21

)
,

= h(S) +
1

2
log
(
e−2h(S)+2C

)
,

= C.

This confirms that for any given Cov(X,Z), one can always choose a scalar γ to generate

X̂D,C satisfying both distortion and classification constraints. That is, every point (D,C) ∈ Θ

can be realized by applying an appropriate decoder to a fixed Gaussian representation Z of X

such that I(X;Z) = sup(D,C)∈Θ R(D,C). Therefore, Ω(pZ|X) = Ω(R), which implies the rate

penalty is zero: A(Θ) = I(X;Z)−R = 0.

In addition, we consider a general source X ∼ pX and characterize the distortion-classification

region induced by an arbitrary representation Z under MSE distortion.

Theorem 4 (Achievable Universality Region for a General Source). Let X ∼ pX be a general

source and S an associated classification variable. Assume distortion is measured by MSE and

classification loss by H(S|X̂). Let Z be any representation of X , and define X̃ = E[X|Z] as

the minimum mean square estimator. Then the closure of the achievable region, cl(Ω(pZ|X)),

satisfies

Ω(pZ|X)⊆

(D,C) : D ≥ E∥X − X̃∥2+
inf
pX̂

W 2
2 (pX̃ , pX̂)

s.t. H(S|X̂) ≤ C

⊆cl(Ω(pZ|X)),

where the squared Wasserstein-2 distance is W 2
2 (pX , pX̂) = infpX,X̂

E[∥X−X̂∥2] with the infimum

taken over all joint distributions with marginals pX and pX̂ .

Moreover, cl(Ω(pZ|X)) contains the extreme points:

(D(a), C(a)) =

(
E[∥X − X̃∥2],

∑
s

∑
x̃

pX̃pS|X̃ log
1

pS|X̃

)
,

(D(b), C(b)) =
(
E[∥X − X̃∥2] +W 2

2 (pX̃ , pX̂Cmin ), Cmin

)
,
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where

pX̂Cmin = arg min
pX̂

H(S|X̂) (15a)

s.t. E[∥X − X̂∥2] ≤ D. (15b)

The minimum classification loss is: Cmin =
∑

s

∑
x̂Cmin pX̂CminpS|X̂Cmin log

1
p
S|X̂Cmin

.

Proof. The proof approach is inspired by the main techniques introduced in [4]. For any (D,C) ∈

Ω(pZ|X), there exists a reconstruction variable X̂D,C jointly distributed with (X,Z), such that

the Markov chain X ↔ Z ↔ X̂D,C holds, the distortion satisfies E[∆(X, X̂D,C)] ≤ D, and the

classification uncertainty is bounded by H(S|X̂D,C) ≤ C.

Since X̃ = E[X|Z], we have:

D ≥ E[∥X − X̂D,C∥2] = E[∥X − X̃∥2] + E[∥X̃ − X̂D,C∥2].

Now consider the Wasserstein-2 distance between the marginals pX̃ and pX̂D,C
, which is defined

as:

W 2
2 (pX̃ , pX̂D,C

) = inf
pX̃′,X̂′

E[∥X̃ ′ − X̂ ′∥2],

where X̃ ′ ∼ pX̃ and X̂ ′ ∼ pX̂D,C
. Since (X̃, X̂D,C) is one feasible coupling of these marginals,

E[∥X̃ − X̂D,C∥2] ≥ W 2
2 (pX̃ , pX̂D,C

).

Therefore,

D ≥ E[∥X − X̃∥2] +W 2
2 (pX̃ , pX̂D,C

).

Since H(S|X̂D,C) ≤ C, the marginal distribution pX̂D,C
belongs to the constraint set {pX̂ :

H(S|X̂) ≤ C}. We have, pX̂D,C
is one feasible distribution of the set

pX̂ :
inf
pX̂

W 2
2 (pX̃ , pX̂)

s.t. H(S|X̂) ≤ C

,

then

W 2
2 (pX̃ , pX̂D,C

) ≥


inf
pX̂

W 2
2 (pX̃ , pX̂)

s.t. H(S|X̂) ≤ C.

This leads to the outer bound:

Ω(pZ|X)⊆

(D,C) :D ≥ E[∥X − X̃∥2]+
inf
pX̂

W 2
2 (pX̃ , pX̂)

s.t. H(S|X̂) ≤ C.


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Now, to show the approximate tightness of this bound, let (D′, C ′) be any point in the above

region. For any ϵ > 0, there exists a distribution pX̂′ such that:

H(S|X̂ ′) ≤ C ′, D′ + ϵ ≥ E[∥X − X̃∥2] +W 2
2 (pX̃ , pX̂′).

By the Markov condition, we can construct a random variable X̂ ′ such that X ↔ Z ↔ X̂ ′,

and

E[∥X̃ − X̂ ′∥2] ≤ W 2
2 (pX̃ , pX̂′) + ϵ.

Thus,

E[∥X − X̂ ′∥2] = E[∥X − X̃∥2] + E[∥X̃ − X̂ ′∥2] ≤ D′ + 2ϵ.

It follows that:

Ω(pZ|X)⊆

(D,C) : D ≥ E∥X − X̃∥2+
inf
pX̂

W 2
2 (pX̃ , pX̂)

s.t. H(S|X̂) ≤ C


⊆cl(Ω(pZ|X)).

Now consider the characterization of conditional entropy:

H(S|X̂)=
∑
s

∑
x̂

pS,X̂ log
1

pS|X̂
,

=
∑
s

∑
x̂

pX̂pS|X̂ log
1

pS|X̂
.

By choosing X̂ = X̃ , it follows that pX̂ = pX̃ , which yields:

H(S|X̂) = H(S|X̃) =
∑
s

∑
x̃

pX̃pS|X̃ log
1

pS|X̃
,

and define:

(D(a), C(a)) =

(
E[∥X − X̃∥2],

∑
s

∑
x̃

pX̃pS|X̃ log
1

pS|X̃

)
.

Next, define X̂Cmin ∼ pX̂Cmin :

pX̂Cmin = arg min
pX̂

H(S|X̂) (16a)

s.t. E[∥X − X̂∥2] ≤ D. (16b)

And,

Cmin =
∑
s

∑
x̂Cmin

pX̂CminpS|X̂Cmin log
1

pS|X̂Cmin

.
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Let X̂ = X̂Cmin implies pX̂ = pX̂Cmin , and define:

(D(b), C(b)) =
(
E[∥X − X̃∥2] +W 2

2 (pX̃ , pX̂Cmin ), Cmin

)
.

Thus, by selecting pX̂ = pX̃ and pX̂ = pX̂Cmin , we confirm that both (D(a), C(a)) and (D(b), C(b))

lie in this region: (D,C) : D ≥ E∥X − X̃∥2 +
inf
pX̂

W 2
2 (pX̃ , pX̂)

s.t. H(S|X̂) ≤ C

 .

Universal Encoder 
trained for (𝐷1, 𝐶1) 

Universal Encoder 
trained for (𝐷3, 𝐶3) 

(ഥ𝐷 𝑎 , ҧ𝐶 𝑎 )

(ഥ𝐷 𝑏 , ҧ𝐶 b )

(𝐷3, 𝐶3)

Figure 5: Universality for a general source. Shown are the boundaries of achievable distortion-

classification regions corresponding to three different representations: the minimal distortion point

(D1, C1), where R(D1, C1) = R(D1,∞); the midpoint (D2, C2); and the minimal classification

loss point (D3, C3), where C3 = Cmin. Also illustrated are the two extreme points (D(a), C(a))

and (D(b), C(b)) associated with the representation X̂D1,C1 , where (D(a), C(a)) coincides with

(D1, C1).

In addition, to gain further insight into the structure of achievable regions, let Z be the optimal

reconstruction X̂D,C associated with a point (D,C) on the distortion-classification tradeoff curve

for a given rate R; that is, I(X; X̂D,C) = R(D,C) = R, and the distortion and classification

loss satisfy E[∥X − X̂D,C∥2] = D, H(S|X̂D,C) = C. We assume, for simplicity, that such an

optimal reconstruction X̂D,C exists for every (D,C) on the tradeoff boundary, and that decreasing
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either D or C would violate the constraint R(D,C) = R. Under this assumption, the point

(D,C) lies on the boundary of the closure cl(Ω(pX̂D,C |X)).

According to Theorem 4, the set cl(Ω(pX̂D,C |X)) includes two extreme points: the upper-left

corner (D(a), C(a)), corresponding to minimal distortion, and the lower-right corner (D(b), C(b)),

corresponding to minimal classification loss. Moreover, this closure defines a convex region that

includes all these points. Figure 5 illustrates both Ω(R) and the achievable region Ω(pX̂D,C |X)

for various representative points (D,C) on the tradeoff curve. The following theorem provides a

quantitative characterization of this structure.

Theorem 5 (Quantitative Characterization for a General Source). Let X̂D1,C1 denote the optimal re-

construction at point (D1, C1) on the conventional RDC trade-off curve, satisfying I(X; X̂D1,C1) =

R(D1, C1). Then the upper-left extreme point of Ω(pX̂D1,C1
|X) satisfies (D(a), C(a)) = (D1, C1).

Now consider the lower-right extreme points: (D(b), C(b)) ∈ Ω(pX̂D1,C1
|X) and (D3, C3) ∈ Ω(R),

where C3 = Cmin and R(D3, C3) = R(D1,∞). The distortion gap between these points is

bounded below by:

D3 −D(b)≥σ2
X + σ2

X̂D3,C3

− 2σX̂D3,C3

√
σ2
X −D1 − 2D1, (17)

and the corresponding distortion ratio satisfies:

D3

D(b)
≥

σ2
X + σ2

X̂D3,C3

− 2σX̂D3,C3

√
σ2
X −D1

2D1

. (18)

In the case where σ2
X = σ2

X̂D3,C3

, the distortion gap becomes small under:

D3 −D(b) ≈ 0 if D1 ≈ 0 or D1 ≈ σ2
X , (19)

D3

D(b)
≈ 1 if D1 ≈ σ2

X . (20)

Proof. The proof idea follows the result in [4]. We begin by noting that C3 = Cmin, and from

the hypothesis R(D3, C3) = R(D1,∞). Next, observe that:

D3 = E[∥X − X̂D3,C3∥2],

= σ2
X + σ2

X̂D3,C3

− 2Cov(X, X̂D3,C3),

= σ2
X + σ2

X̂D3,C3

− 2E[(X − µX)
T (X̂D3,C3 − µX̂D3,C3

)].

Thus,

E[(X − µX)
T (X̂D3,C3 − µX̂D3,C3

) =
σ2
X + σ2

X̂D3,C3

−D3

2
.
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We now utilize the inequality I(X;E[X|X̂D3,C3 ]) ≤ I(X; X̂D3,C3) = R(D1,∞), which implies:

E[∥X − E[X|X̂D3,C3 ]∥2] ≥ D1.

Observe that X̂D3,C3 − µX̂D3,C3
has a certain correlation with X − µX , so we can use a linear

predictor idea to get a simpler upper bound. By the orthogonality principle:

E[∥X − E[X|X̂D3,C3 ]∥2]

≤ E[∥X − µX − c(X̂D3,C3 − µX̂D3,C3
)∥2].

The inequality says the best predictor E[X|X̂D3,C3 ] is no worse (in MSE) than any fixed linear

predictor of the form µX + c(X̂D3,C3 − µX̂D3,C3
), where

c=
Cov(X − µX , X̂D3,C3 − µX̂D3,C3

)

Var(X̂D3,C3 − µX̂D3,C3
)

,

=
E[(X − µX)

T (X̂D3,C3 − µX̂D3,C3
)]

σ2
X̂D3,C3

=
σ2
X + σ2

X̂D3,C3

−D3

2σ2
X̂D3,C3

.

Therefore, the MSE of the optimal conditional expectation is at most the MSE of this linear

estimator.

D1 ≤ E[∥X − E[X|X̂D3,C3 ]∥2],

≤ E[∥X − µX − c(X̂D3,C3 − µX̂D3,C3
)∥2],

= E[∥X − µX∥2] + c2E[∥X̂D3,P3 − µX̂D3,C3
∥2]

− 2cE[(X − µX)
T (X̂D3,P3 − µX̂D3,C3

)],

= σ2
X + c2σ2

X̂D3,C3

− 2cE[(X − µX)
T (X̂D3,C3−µX̂D3,C3

)],

= σ2
X +

(
σ2
X + σ2

X̂D3,C3

−D3

2σ2
X̂D3,C3

)2

σ2
X̂D3,C3

− 2

(
σ2
X + σ2

X̂D3,C3

−D3

2σ2
X̂D3,C3

)(
σ2
X + σ2

X̂D3,C3

−D3

2

)
,

= σ2
X −

(σ2
X + σ2

X̂D3,C3

−D3)
2

4σ2
X̂D3,C3

.

Rearranging terms yields:

(σ2
X + σ2

X̂D3,C3

−D3)
2 ≤ 4σ2

X̂D3,C3

(σ2
X −D1).
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Under the assumptions σ2
X + σ2

X̂D3,C3

−D3 ≥ 0 and σ2
X −D1 ≥ 0, it follows that:

σ2
X + σ2

X̂D3,C3

−D3 ≤ 2σX̂D3,C3

√
σ2
X −D1,

D3 ≥ σ2
X + σ2

X̂D3,C3

− 2σX̂D3,C3

√
σ2
X −D1.

Based on [9], we can show that:

D(b) ≤ D3 ≤ 2D1.

Hence,

D3 −D(b) ≥ σ2
X + σ2

X̂D3,C3

− 2σX̂D3,C3

√
σ2
X −D1 − 2D1,

D3

D(b)
≥

σ2
X + σ2

X̂D3,C3

− 2σX̂D3,C3

√
σ2
X −D1

2D1

.

For D1 = 0:

D3 −D(b) ≥ σ2
X + σ2

X̂D3,C3

− 2σX̂D3,C3
σX ,

Moreover, in the case of σ2
X = σ2

X̂D3,C3

, we have:

D3 −D(b)

D1≈0 and σ2
X=σ2

X̂D3,C3≈ 0,

For D1 = σ2
X :

D3 −D(b) ≥ σ2
X + σ2

X̂D3,C3

− 2σ2
X ,

D3

D(b)
≥

σ2
X + σ2

X̂D3,C3

2σ2
X

.

Again, in the case of σ2
X = σ2

X̂D3,C3

, then:

D3 −D(b)

D1≈σ2
X and σ2

X=σ2
X̂D3,C3≈ 0,

D3

D(b)

D1≈σ2
X and σ2

X=σ2
X̂D3,C3≈ 1.

A similar method can be utilized to bound the upper-left corner of the curve, i.e., the gap

between (D1, C1) and the upper-left extreme point (D̄(a), C̄(a)) of the blue curve in Fig. 5. Let

D̄(a) = E[∥X − E[X | X̂D3,C3 ]∥2]. Then:

D̄(a) ≤ σ2
X −

(σ2
X + σ2

X̂D3,C3

−D3)
2

4σ2
X̂D3,C3

,
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which, together with D1 ≥ 1
2
D3, yields:

D̄(a) −D1 ≤ σ2
X −

(σ2
X + σ2

X̂D3,C3

−D3)
2

4σ2
X̂D3,C3

− D3

2
,

D̄(a)

D1

≤
σ2
X −

(σ2
X+σ2

X̂D3,C3

−D3)2

4σ2
X̂D3,C3

D3/2
.

For D3 = 0:

D̄(a) −D1 ≤ σ2
X −

(σ2
X + σ2

X̂D3,C3

)2

4σ2
X̂D3,C3

,

If σ2
X = σ2

X̂D3,C3

, then:

D̄(a) −D1

D3≈0 and σ2
X=σ2

X̂D3,C3≈ 0,

For D3 = 2σ2
X :

D̄(a) −D1 ≤ σ2
X −

(σ2
X̂D3,C3

− σ2
X)

2

4σ2
X̂D3,C3

− σ2
X ,

D̄(a)

D1

≤
σ2
X −

(σ2
X̂D3,C3

−σ2
X)2

4σ2
X̂D3,C3

σ2
X

.

Similarly, in the case of σ2
X = σ2

X̂D3,C3

, we have:

D̄(a) −D1

D3≈2σ2
X and σ2

X=σ2
X̂D3,C3≈ 0,

D̄(a)

D1

D3≈2σ2
X and σ2

X=σ2
X̂D3,C3≈ 1.

VI. EXPERIMENTAL RESULTS

A. Illustration of No Rate Penalty for a Gaussian Source

We numerically validate the absence of a rate penalty when transitioning from multiple rate-

specific Gaussian encoders (conventional model) to a single universal encoder. The experiment

considers a scalar Gaussian source X ∼ N (0, σ2
X) and a classification variable S ∼ N (0, σ2

S),

correlated via coefficient ρ. The goal is to evaluate the classification-distortion-rate function under

mean squared error distortion and classification constraint C = H(S | X̂).
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Figure 6: DRC function at various rates for a Gaussian source. The universal model achieves the

same region as the conventional model, verifying Theorem 3.

We fix the variances σ2
X = σ2

S = 1.0 and set ρ = 0.7, resulting in a maximum achievable

rate of Rmax = 1
2
log
(

1
1−ρ2

)
= 0.34. The conventional model is evaluated at five rate values:

[0.05, 0.1, 0.15, 0.2, 0.34], with the corresponding (C,D) tradeoffs derived using Theorem 2. For

each rate, we compute the achievable region by varying the decoder and measuring the resulting

classification and distortion performance. The universal model, guided by Theorem 3, constructs

a single high-rate Gaussian representation at Rmax and varies the decoder to explore the entire

(C,D) space.

Figure 6 displays the achievable (C,D) regions under three settings. The green points correspond

to the union of all conventional models, each operating at a different rate. The blue points denote

a conventional encoder at R = Rmax. The red points represent the universal encoder, also fixed

at Rmax, with varying decoders. Notably, the red points align precisely with the blue boundary,

demonstrating that the universal model achieves the full CDR region without additional rate

overhead. This confirms Theorem 3 and affirms the feasibility of universal representations for

Gaussian sources under classification constraints.

B. Universal Encoder Representation for DL-based Lossy Compression

The rate-distortion-classification tradeoff was observed in deep learning-based image compres-

sion when classifier regularization was integrated into the training pipeline [3], [20]. In such
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settings, achieving a specific point in the tradeoff space typically requires training a dedicated

end-to-end model that jointly optimizes the encoder and decoder for that objective. However,

this approach is often computationally expensive and inflexible for practical deployment.

To address this limitation, an alternative strategy is to reuse a pre-trained encoder while

adapting only the decoder or classifier to meet varying task requirements. We refer to models

that jointly train both encoder and decoder for each objective as conventional models, and those

that retain a fixed encoder and retrain only the decoder as universal models. In our framework,

universal models leverage encoders originally trained under the conventional paradigm. Under

identical datasets and hyperparameters, the only difference between the two lies in whether the

encoder parameters are updated during training.

x

ො𝑥1

ො𝑥2

ො𝑥3

Encoder
(𝑓)

Decoder 2
(𝑔2)

Decoder 1
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+ -Quantizer z

u

Classifier
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Classification 
Loss

Distortion 
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Discriminator 2
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s

Ƹ𝑠2

Figure 7: Figure illustrates the universal model setup. A single encoder f , trained for a specific

classification-distortion tradeoff, is frozen and reused. Multiple decoders {gi} and discriminators

{di} are then trained independently using the fixed latent representation z. A shared randomness

source u enables universal quantization, and a classifier C evaluates classification performance.

Training setup. We employ a stochastic autoencoder with a classifier and a GAN-based

discriminator, comprising an encoder f , a decoder g, a classifier c, and a discriminator d. In the

conventional setup, f , g, and d are trainable. The encoder maps input X to a latent representation

f(X) ∈ [−1, 1]dim via a final tanh activation. This output is uniformly quantized into L levels per

dimension, yielding an upper-bound compression rate of R = dim × log2 L, as established in [8].
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To perform quantization, we use dithered quantization [32], [33], assuming shared randomness

U ∼ U [−1/(L−1), 1/(L−1)]dim. The encoder outputs: Z = Quantize(f(X)+U) and the decoder

reconstructs X̂ = g(Z − U). This approach centers quantization noise and enables gradient flow

using the soft estimator from [34].

The distortion loss is measured by MSE. The output X̂ is passed through the classifier c

to produce the predicted label distribution Ŝ = c(X̂), with classification loss computed via

cross-entropy CE(S, Ŝ), an upper bound on conditional entropy, i.e. H(S|X̂) ≤ CE(S, Ŝ) [3],

[35]. To ensure that the condition σ2
X = σ2

X̂D3,C3

in Theorem 5 is satisfied, we augment the

training loss with a Wasserstein-1 distance regularization term, rather than relying solely on MSE

and cross-entropy losses. Following the approach in [4], we use a discriminator d that takes both

X and X̂ as inputs and employs the Wasserstein-1 loss in a GAN-based framework.

The compression rate is upper bounded by dim × log2(L), where dim is the encoder output

size and L the quantization level. The total loss is:

L = λd E[∥X − X̂∥2] + λc CE(S, Ŝ) + λp W1(pX , pX̂), (21)

where λd, λc, and λp controlling the tradeoffs.

To construct the universal model, the trained encoder f is frozen, and a new decoder g1 and

discriminator d1 are trained using:

L1 = λ1
d E[∥X − X̂1∥2] + λ1

c CE(S, Ŝ) + λ1
pW1(pX , pX̂), (22)

where λ1
d, λ1

c , and λ1
p adjust the task-specific tradeoffs. A schematic of the full system is shown

in Figure 7.

C. Results

Figure 8 illustrates the RDC functions of conventional models on the MNIST dataset. The

tradeoff between distortion and classification performance, quantified via cross-entropy loss and

classification accuracy, is clearly depicted in Figure 8a at a fixed rate of R = 4.75, corresponding

to an encoder output dimension of dim = 3 and quantization level L = 3. Figure 8b presents

RDC curves across multiple rate configurations. The evaluated (dim, L) combinations include

(3,2), (3,3), (3,4), and (4,4), providing a range of bit budgets for comparison. Each point in these

figures corresponds to an encoder-decoder pair trained with a specific rate and loss configuration

(λd, λc, λp). Points sharing the same color indicate models trained under the same rate. The
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(a) The RDC curve under rate R = 4.75.
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(b) The RDC curves at multiple rates.

Figure 8: RDC tradeoffs on the MNIST dataset using conventional models. (a) shows the tradeoff

between distortion and classification, evaluated via cross-entropy loss or classification accuracy.

(b) illustrates the RDC curves across multiple encoding rates.

results consistently reveal a tradeoff: under a fixed rate constraint, achieving lower classification

loss (equivalently, improving classification accuracy) comes at the cost of increased distortion.

Moreover, as the rate R increases, the entire distortion-classification curve shifts downward and

to the left, signifying that higher-rate encoders can achieve both lower distortion and better

classification accuracy. This trend highlights the value of allocating more bits to support multi-task

compression objectives.

Figure 9 shows the RDC tradeoff on the MNIST dataset (R = 4.75) and SVHN dataset

(R = 30), obtained by varying loss coefficients. Black-outlined points represent the conventional

model trained jointly for specific classification-distortion objectives. Other points correspond to

the universal model with decoders trained on a fixed encoder optimized for low classification loss

C. The result corresponding to the fixed encoder trained at high C can be analyzed in a similar

manner. Despite using a fixed encoder, the universal model achieves distortion levels comparable

to the conventional model, confirming that an encoder trained for low C can still support diverse

tradeoffs through decoder retraining. The subfigure illustrates the benefits of incorporating the

regularization term. These observations support the validity of Theorem 5.

However, a noticeable classification gap remains: universal decoders cannot recover low classi-
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(a) RDC curve on the MNIST dataset. (b) RDC curve on the SVHN dataset.

Figure 9: RDC curves on the MNIST (R = 4.75) and SVHN (R = 30) datasets. The subfigures

correspond to the case without the Wasserstein-1 regularization term.

(a) Decompressed outputs on the MNIST dataset. (b) Decompressed outputs on the SVHN dataset.

Figure 10: Visualizations of decompressed outputs from selected models on the MNIST (R = 4.75)

and SVHN (R = 30) datasets.

fication performance if the encoder is trained only for high-distortion objectives. This highlights

the decoder’s limited generative capacity when the encoder fails to preserve classification-task

information.
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Figure 10 presents qualitative decompression results from selected models on the MNIST

and SVHN datasets at fixed compression rates of R = 4.75 and R = 30, respectively. During

training, the weighting parameters were set to λc = λp. These examples illustrate the visual

impact of increasing the Wasserstein-1 distance regularization weight λp. As λp increases, the

encoder-decoder pair increasingly prioritizes minimizing W1(pX , pX̂), leading to a perceptual

enhancement in reconstructed image quality. Specifically, the reconstructed digits and digit-

background compositions appear sharper and less blurred, exhibiting improved perceptual realism.

However, the reconstructed styles differ more noticeably from the original inputs, reflecting a

higher distortion loss. This observation highlights the inherent tradeoff between fidelity and

perceptual quality under a fixed rate constraint and underscores the importance of balancing

multiple objectives in learned lossy compression frameworks.

VII. CONCLUSION

We proposed a universal rate-distortion-classification framework that enables a single encoder

to support multiple task objectives through specialized decoders, removing the need for separate

encoders per distortion-classification tradeoff. For the Gaussian source with MSE distortion,

we proved that the full rate-distortion classification region is achievable with zero rate penalty

using a fixed encoder. For the general source, we characterized the achievable region using

MMSE estimation and the Wasserstein-2 distance, identifying conditions under which encoder

reuse incurs negligible distortion penalty. Empirical results on the MNIST and SVHN datasets

support our theory, showing that universal encoders, trained with Wasserstein loss regularization,

achieve distortion performance comparable to task-specific models. These findings highlight the

practicality and effectiveness of universal representations for multi-task lossy compression.
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