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Adiabatic Markov Decision
Process: Convergence of Value
Iteration Algorithm
Markov decision process (MDP) is a well-known framework for devising the optimal
decision-making strategies under uncertainty. Typically, the decision maker assumes a
stationary environment which is characterized by a time-invariant transition probability
matrix. However, in many real-world scenarios, this assumption is not justified, thus the
optimal strategy might not provide the expected performance. In this paper, we study the
performance of the classic value iteration algorithm for solving an MDP problem under
nonstationary environments. Specifically, the nonstationary environment is modeled as a
sequence of time-variant transition probability matrices governed by an adiabatic evolu-
tion inspired from quantum mechanics. We characterize the performance of the value
iteration algorithm subject to the rate of change of the underlying environment. The per-
formance is measured in terms of the convergence rate to the optimal average reward.
We show two examples of queuing systems that make use of our analysis framework.
[DOI: 10.1115/1.4032875]

1 Introduction

1.1 MDP. The theory of MDP aims to study optimal
decision-making processes under uncertainty. It is widely used in
economics, engineering, operation research, and artificial intelli-
gence. In an MDP setting, there is a controller which interacts
with its environment by taking actions based on its observations at
every discrete-time step. Each action by the controller induces a
change in the environment. Typically, the environment is
described by a finite set of states. An action will move the envi-
ronment from the current state to some other states with certain
probabilities. Associated with each action in each state is a reward
given to the controller. The goal of the controller is to maximize
the expected cumulative reward or average reward over some
finite or infinite number of time steps by making sequential deci-
sions based on its current observations.

It is not difficult to find many applications of the MDP frame-
work. A classic application of MDP is the warehouse example in
operation research. In this setup, a company’s business is to buy
and sell a number of merchandizes. To operate smoothly, it uses a
warehouse to store the merchandizes, which allows shipments to
the buyers promptly. Everyday, it has to make the decision on
how many and which items it should buy and store in its ware-
house subject to the uncertainty of the market demands. Buying
too many items would incur high storage costs while buying too
little would run the risk of not having the items ready for shipping
and thus reducing profits. The MDP framework enables the com-
pany to decide on the optimal action, i.e., how many and which
items it should buy on a given day in order to maximize the
expected cumulative reward, i.e., its profits over a month, a year,
or indefinitely. Naturally, the optimal action should base on the
environmental states, i.e., the current status of different items in
the stock and the current market demands.

A solution of an MDP problem is an optimal policy. A policy/
decision rule is a mapping from the states to the action. The opti-
mal policy would produce the maximum expected cumulative
reward. For the infinite-horizon MDP models, to be discussed sub-
sequently, there are a number of classic algorithms for finding

such optimal policies. These algorithms include value iteration
[1], policy iteration [2], and linear programing [3,4], which all are
based on the Bellman equations [1,5]. Also, all assume a station-
ary policy, i.e., a policy that does not change with time. This
assumption is justified as it is well-known that for a stationary
environment, there exists an optimal policy that is also stationary.
Fundamentally, the MDP framework relies on the assumption that
a given policy will induce a stationary dynamics on the states.
Moreover, the state changes are characterized by a time-invariant
transition probability matrix P.

1.2 Nonstationary Environment. For many real-world sce-
narios, this assumption is not justified, thus the optimal policy
might not provide the expected performance. In this paper, we
study the performance of the classic value iteration algorithm for
solving an MDP problem under nonstationary environments. Spe-
cifically, the nonstationary environment is modeled as a sequence
of time-variant transition probability matrices governed by an adi-
abatic evolution inspired from quantum mechanics [6–9]. For-
mally, the transition probability matrix Pd

i at time step i induced
by decision rule d is determined by

Pd
i ¼ UðiÞPd

0 þ ð1� UðiÞÞPd
f ; 8d (1)

where Pd
0 and Pd

f are the transition probability matrices induced
by the decision rule d at time step 0 and1, and Uð:Þ characterizes
the rate of change of the system with Uð0Þ ¼ 1 and Uð1Þ ¼ 0.
The decision rule will be formalized in Sec. 2.

The above transition model can be applied in two interesting
scenarios. In the first scenario, Pd

i models the actual dynamics of
the underlying nonstationary environment under the decision rule
d at step i. In other words, the environment is initially character-
ized by Pd

0, then its dynamic is characterized by Uð�Þ and con-
verges to Pd

f according to Uð�Þ. In the second scenario, the
environment is assumed to be stationary and is characterized by
Pd

f . However, the estimation of the environmental parameters
is initially inaccurate and thought to be Pd

0. Thus, the
actions/decisions are made based on inaccurate knowledge of the
environment. Over time, the estimations of the environmental
parameters become increasingly more accurate, i.e., Pd

i getting
closer to Pd

f . Therefore, using an MDP algorithm such as value
iteration will eventually produce the optimal solution due to
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increasing accuracy. Over time, the decisions are closer to the
optimal ones and eventually converge to the optimal policy. How-
ever, we characterize the performance of the value iteration algo-
rithm subject to the rate of change in the environment as
characterized by Uð�Þ. The performance is measured in terms of
the convergence rate to the optimal average reward. We present
two queuing system examples illustrating the two scenarios above
that make use of our analysis framework.

1.3 Related Work. A learning scheme in varying environ-
ment is presented by Szita et al. in Ref. [10]. This work introduces
the concept of e –MDP where at each step, the transition matrix is
perturbed by small noise bounded by e around a base MDP. It
shows that the value iteration algorithm for e –MDP converges to
a suboptimal value which is d-close to the optimal value, where
d / e. In addition, the paper shows that Q-learning can return a
suboptimal decision rule/policy in varying environments. On the
other hand, in this paper we consider the change in transition
matrix (environment) in adiabatic settings, which is characterized
by a nonincreasing function U. Given the function U, we show
that the value iteration algorithm converges to the optimal value
of the final MDP (base MDP), derive bounds on the convergence
rate of the value iteration algorithm, and therefore can predict its
stopping time.

The adiabatic evolution was first studied in quantum mechanics
by Born and Fock [6]. They provided a first important adiabatic
theorem for unitary matrices. Basically, the theorem shows that in
the evolution from the initial Hamiltonian to the final one, a sys-
tem converges to the ground state of the final Hamiltonian after a
long time. Recently, another type of adiabatic theorem in Markov
chain was presented for linear evolution by Kovchegov [8] and
for general evolution by Bradford and Kovchegov [9]. In Ref. [8],
the adiabatic time of a time homogeneous Markov chain with lin-
ear evolution, which is the chain’s mixing time, is shown as an
order of the square of the mixing time of the final transition ma-
trix. Generally, Bradford et al. showed that the stable adiabatic
time, which is a general concept of adiabatic time, is an order of
the maximum mixing time to the power of four [11]. The idea of
applying adiabatic evolution to partially observable MDP is men-
tioned in Ref. [12].

For queuing application, an adiabatic approach to analysis of
adaptive queuing policies was proposed in Ref. [13]. It shows that
for continuous-time queuing systems with arrival rate estimation,
the queue converges to the final distribution after a long time with
high probability. It also evaluates the adiabatic time for the queu-
ing system. In our work [14], an MDP in nonstationary environ-
ments is modeled as a sequence of time-variant transition matrices
governed by adiabatic evolution. The convergence rate of the
value iteration algorithm is partly evaluated.

1.4 Our Contribution. In this paper, we study the MDP in
nonstationary environment modeled as an adiabatic evolution.
Specifically, the convergence of value iteration algorithm is eval-
uated by an upper bound on the distance between the actual aver-
age reward in value iteration and the optimal average reward. As
a result, we can derive the necessary time for the value iteration
algorithm to get e-close to the optimal one. Application to an M/
M/1/K continuous-time queue with estimated arrival rate and a
discrete-time queue with changing arrival rate is shown to verify
the results.

Section 2 provides some background on the theory of MDP and
value iteration, which are necessary for the development of our
results. In Sec. 3, we formulate the problem in terms of the dis-
tance from the average reward to the optimal one using value iter-
ation algorithm under changing environment. The theoretical
results on the convergence rate of adiabatic value iteration algo-
rithm are also presented in this section. Section 4 formulates adia-
batic MDP for two examples of queuing systems based on the

theoretical results. Finally, some conclusions and future work on
noisy stochastic matrices are provided in Sec. 5.

2 Mathematical Preliminaries

In this section, we present some definitions, notations, and
some propositions for stationary environments.

2.1 MDP

2.1.1 Definitions. A typical discrete-time MDP represents a
dynamic system and is specified by a finite set of states S, repre-
senting the possible states of the system, a set of control actions
As for each state s 2 S, a transition probability matrix PjSj�jSj, and
a reward function r. The transition probability specifies the dy-
namics of the system whose each entry Pij¢Pðstþ1 ¼ jjst ¼
i; at ¼ aÞ represents the conditional probability of the system
moving to state stþ1 ¼ j in the next time step after taking an action
a in the current state st¼ i. The dynamics are Markovian in the
sense that the probability of the next state j depends only on the
current state i and the action a and not on any previous history.
The reward function r(s, a) assigns a real number to the state s
and the action a, so that r(s, a) represents the immediate reward of
being in state s and taking action a. A policy p ¼ fd1; d2;…g is a
sequence of decision rules. Each decision rule dt is a mapping
from states to actions at each time step: dt : S! A and induces a
corresponding transition probability matrix, where A ¼ [s2SAs.
The policy p is called stationary if its actions depend only on the
state s, independent of time, i.e., p ¼ fd; d; d;…g. A stationary
policy induces a time-invariant transition probability matrix.
Every policy p is associated with a value function VpðsÞ such that
VpðsÞ gives the expected cumulative reward achieved by p when
starting in state s.

Let P be the policy space. It can be MD (Markovian and deter-
ministic), HD (history dependent and deterministic), MR (Marko-
vian and randomized), or HR (history dependent and randomized)
[5]. Clearly, PMD � PMR � PHR and PMD � PHD � PHR.
Moreover, for each p 2 PHD; s 2 S, there exists a p0 2 PMD such
that their transition matrices are the same [15]. Therefore, we only
consider Markovian deterministic policy.

DEFINITION 1 (unichain MDP). An MDP is unichain if the transi-
tion matrix corresponding to every deterministic stationary policy
consists of a single recurrent class plus a possibly empty set of
transient states.

The solution to an MDP problem is an optimal policy p� that
maximizes the expected cumulative reward over some finite or in-
finite number of time steps. The former and latter are termed
finite-horizon MDP and infinite-horizon MDP, respectively. An
infinite-horizon model has two typical forms of reward functions:
the discounted and the average reward functions. The discounted
reward function is defined as

Vp
disðsÞ ¼ Ep

s

X1
t¼1

atrtðst; atÞ
( )

(2)

where 0 < a < 1 denotes a given discount factor that provides
convergence of VpðsÞ, but also carries the notion of discounting
the future reward, i.e., putting less emphasis on the rewards in the
far future than those in the near future. The average reward func-
tion is defined as

Vp
ave sð Þ ¼ lim

N!1

vN

N
(3)

where vp
NðsÞ ¼ Ep

s ½
PN

t¼1 rðst; atÞ�:
For discounted reward function with discount factor

0 < a < 1, Puterman [5] showed that the convergence of value
iteration for discounted reward function is controlled by function
an, from which we can easily find the convergence rate. Therefore,

061009-2 / Vol. 138, JUNE 2016 Transactions of the ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/dynam

icsystem
s/article-pdf/138/6/061009/6122260/ds_138_06_061009.pdf by O

regon State U
niversity user on 23 February 2026



in this paper, we only consider the average reward function crite-
ria presented in Appendix A.

2.1.2 Span Seminorm. The span seminorm sp(v) of a vector v
is used to evaluate the convergence rate of value iteration for
MDP using average reward criterion [5] (see Appendix B for defi-
nition and properties of span seminorm).

PROPOSITION 1. Let v 2 V and d 2 D, where D is the set of deci-
sion rule [5], then

spðPdvÞ � ddspðvÞ

where delta coefficient dd ¼ 1�mins;u2S�S

P
j2SminfPdðjjsÞ;

PdðjjuÞg, and Pd is the transition matrix corresponding to the de-
cision rule d.

Furthermore, 0 � dd � 1, and there exists a v 2 V such that
spðPdvÞ ¼ ddspðvÞ.

2.1.3 Value Iteration. The value iteration algorithm is an iter-
ative algorithm for finding an e-optimal policy for the infinite-
horizon MDP. More precisely, given an e, the value iteration
algorithm guarantees to produce a reward value within an e of the
optimal value. The key to the value iteration algorithm is that
each step of the algorithm can be viewed as applying a contracting
operator L on v. Running the algorithm iteratively, or equiva-
lently, applying the operator L repeatedly, will guarantee that v
will converge to the optimal value based on Bellman equation.
Specifically, for a unichain MDP, at each iteration n, we have:
vnþ1 ¼ Lvn; where L is defined as Lv ¼ maxd2Dfrd þ Pdvg; and rd

and Pd denote the reward and the transition probability matrix
induced by the decision rule d. The pseudocode for the value iter-
ation algorithm with average reward objective is shown below.

DEFINITION 2 (the value iteration). The algorithm for the value
iteration with average reward criteria is shown below [5]:

(1) Choose any initial reward vector v0, for a given e > 0. Let
n¼ 0.

(2) For each s 2 S, we have: vnþ1ðsÞ ¼ maxa2Afrðs; aÞ
þ
P

j2Spðjjs; aÞvnðjÞg:
(3) Increasing n until spðvnþ1 � vnÞ < e, then choose:

de 2 argmaxfrðs; aÞ þ
P

j2Spðjjs; aÞvnðjÞg
where sp(v) is the span seminorm of vector v.
We note that the e-optimal policy approaches to an optimal pol-

icy as e reduces to zero when the number of iterations becomes
infinity.

DEFINITION 3 (gamma coefficient). The gamma coefficient is
defined as follows [5]:

c ¼ max
s2S;a2As;s02S;a02As0

1�
X
j2S

minfpðjjs; aÞ; pðjjs0; a0Þg
� �

Easily, we can see that the gamma coefficient is an upper bound
of the delta coefficient dd for all decision rule d. Therefore, from
Proposition 1, we have the following proposition:

PROPOSITION 2. Let v 2 V and d 2 D, where D is the set of deci-
sion rule, then

spðPdvÞ � cspðvÞ

PROPOSITION 3 (convergence of value iteration). For unichain
MDPs [5], we have

spðvnþ2 � vnþ1Þ � cspðvnþ1 � vnÞ

where c¼maxs2S;a2As ;s02S;a02As0 ½1�
P

j2Sminfpðjjs;aÞ;pðjjs0;a0Þg�.
Then, if c< 1, the value iteration algorithm will stop after a finite
step n.

3 Adiabatic MDP

This section formalizes the adiabatic evolution and provides the
necessary background for performance study of value iteration
algorithm in nonstationary setting.

3.1 Preliminaries on Adiabatic-Time Evolution. We intro-
duce adiabatic-time framework to model nonstationary environ-
ments. The initial adiabatic setting was first described in quantum
mechanics by Born and Fock [6]. Recently, the adiabatic setting
for both discrete-time and continuous-time Markov chain was pro-
posed by Kovchegov [8], which is shown below:

Pi ¼ UðiÞP0 þ ð1� UðiÞÞPf

¼ Pf þ UðiÞðP0 � Pf Þ
(4)

where P0 and Pf are the initial transition matrix and the final tran-
sition matrix, respectively. Pi is the transition matrix at time i.
Uð�Þ is a function to characterize the adiabatic evolution such that
UðiÞ : ½0;þ1Þ ! ½0; 1�; Uð0Þ ¼ 1, and limi!1UðiÞ ¼ 0.

Because of the properties of Uð�Þ, we have: limi!1Pi ¼ Pf . For
each application, we have different Uð�Þ function. In this paper,
we suppose that U is given.

The following propositions and corollaries are needed for the
development of convergence of value iteration with adiabatic
setting.

PROPOSITION 4 (the bound on gamma coefficients). Given
Pi ¼ UðiÞP0 þ ð1� UðiÞÞPf ;UðiÞ 2 ½0; 1�

ci � UðiÞc0 þ ð1� UðiÞÞcf

Proof. See Appendix C for details.
COROLLARY 1. Given Pi ¼ UðiÞP0 þ ð1� UðiÞÞPf with nonin-

creasing function UðiÞ > 0;UðiÞ 2 ½0; 1� for any n0 � i

ci � maxðcn0
; cf Þ (5)

Proof. See Appendix C for details.
Note that one way to ensure that 0 < c < 1 is that for each deci-

sion rule d, there exists a column of the corresponding P having
all positive entries.

3.2 Problem Formulation

3.2.1 Adiabatic MDP Model. Typically, the value iteration
algorithm is used to find an e-optimal stationary policy in an off-
line manner using a number of iterations, assuming a stationary
environment such that every stationary policy p induces a time-
invariant transition probability matrix. The resulting policy is then
used in an online manner with the assumption that the environ-
ment is stationary and governed by the time-invariant transition
probability matrices in the value iteration algorithm. In this paper,
we study an adiabatic MDP setting, in which we assume that the
“environment” is no longer stationary. Instead, it might change at
every iteration of the value iteration algorithm, resulting in a
sequence of time-variant transition probability matrices under a
stationary policy. The precise meaning of the environment will be
clear shortly.

Instead of running the value iteration algorithm offline to find
an e-optimal policy, we apply the decision rule found after each
iteration immediately and repeatedly in an online manner. Our
goal is to determine how good the reward is for such a scheme.
The analysis of such a setting is useful in the rapidly changing
environments where decisions must be made quickly. Unlike the
classic MDP setting where for each decision rule d, there is a
time-invariant transition probability matrix Pd, in our setting, for a
fixed decision rule d, there is sequence of time-variant transition
probability matrices

Pd
i ¼ UðiÞPd

0 þ ð1� UðiÞÞPd
f

¼ Pd
f þ UðiÞðPd

0 � Pd
f Þ; 8d

(6)

where U is a function such that
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UðiÞ : ½0;þ1Þ ! ½0; 1�; Uð0Þ ¼ 1; lim
i!1

UðiÞ ¼ 0 (7)

Uð�Þ characterizes the change in the environment at the iteration i
of the value iteration algorithm, and Pd

i is the induced transition
probability matrix due to the decision rule found at the iteration i
of the value iteration algorithm. A slowly changing UðiÞ implies a
slow change in the environment. We note that the notion of opti-
mal reward is not well defined if the environment fluctuates arbi-
trarily. Thus, in the model above, we assume that the environment
will approach to a final stationary environment characterized by
Pd

f to ensure a well-defined reward. This can be seen as
limi!1Pd

i ¼ Pd
f . In this paper, we also assume that the function

Uð�Þ is the same for all decision rules d as seen in the example
below.

A simple example. Consider a discrete-time queue with size
K¼ 2. Let p and q be the probabilities that a packet arrives and
departs the queue, respectively. The state-space is S ¼ f0; 1; 2g.
The action is the value of q. For this queue, the transition
matrix is

P ¼

1� pð1� qÞ pð1� qÞ 0

qð1� pÞ pqþ ð1� pÞð1� qÞ pð1� qÞ

0 qð1� pÞ 1� qð1� pÞ

2
664

3
775

If we let p change over time following the rule:
pi ¼ /ðiÞp0 þ ð1� /ðiÞÞpf , where p0 and pf are the initial and
final arrival probabilities, respectively. Since each entry in the
transition matrix is a linear function of p, for any decision rule d
which is a mapping from state-space S to a set of values of q,
the transition matrix is changing following the rule
Pd

i ¼ UðiÞPd
0 þ ð1� UðiÞÞPd

f , where Uð�Þ ¼ /ð�Þ. Note that the
function Uð�Þ is the same for all decision rules d.

We now articulate a bit more on the meaning of the environ-
ment. Note that the induced Pd

i depends on both actions and envi-
ronments. Therefore, a change in the environment implies
possible changes in the underlying environments, or the set of
actions, or the combination of both over time. For example, let us
consider a queuing system in which the controller attempts to
send packets (actions) at some varying rates based on the number
of packets in the queue in order to maximize a given reward. In
one scenario, we assume the traffic arrival rate at the queue
increases steadily from a initial rate of k0 to a final rate of kf. As a
result, Pd

i varies as the underlying environment changes over
time. In another scenario, the arrival rate of the packets remains
the same, however, the controller has inaccurate estimation of the
arrival rate initially due to few observations. Consequently, it
makes the decision on what rate it should send based on an inac-
curate arrival rates, and Pd

i characterizes the change based on its
decision rule d at iteration i. However, over time with more obser-
vations, its estimation of the arrival rate becomes more accurate.
Therefore, its decision rule approaches the optimal one for which
the state dynamic is characterized by Pd

f . We will discuss these
two examples in more detail in Sec. 4.

3.2.2 Convergence Rate of Adiabatic MDP. It is important to
emphasize again that the environment will be asymptotically sta-
tionary corresponding to an induced transition probability matrix
Pd

f for any decision rule d. In addition, there exists an optimal de-
cision rule d� corresponding to a transition probability matrix Pd�

f ,
which can be obtained when running the value iteration algorithm
under a stationary environment [5]. Importantly, running the value
iteration algorithm in an adiabatic setting for a sufficiently large
number of steps would produce the same optimal decision rule d�f
as that of the classic value iteration algorithm and also the same
average reward g� (see Appendix A)

g� ¼ P1d� r
d�f ¼ pd�

Pf
rd�f e

where by Cesaro mean, P1d� ¼ limN!1 1=N
PN

n¼1 ðPd�
f Þ

n�1 ¼

limn!1 ðPd�
f Þ

n ¼

p
d�f
Pf

p
d�f
Pf

…

p
d�f
Pf

2
666664

3
777775; p

d�f
Pf

is the stationary distribution for P
d�f
f ,

and e ¼ ½11…1�T.
However, the convergence rates to this final reward g� are quite

different for the classic MDP and adiabatic MDP settings. One
would expect that the rate in the former setting would be faster
since the environment does not change, thus the value iteration
algorithm can learn faster than that of the latter. Therefore, our
primary focus of this paper is to characterize the convergence rate
of the value iteration algorithm in an adiabatic setting given the
dynamics specified by Uð�Þ. Specifically, we want to find an inte-
ger N such that 8n > N

E ¼
����� vn

n
� g�

�����1 � e (8)

Note that the index n is both the step index in value iteration
algorithm and the time step. In other words, we run the value iter-
ation algorithm while the environment is changing. The reason for
this online manner is that it might take a long time to wait until
the environment is stable then run the classic value iteration algo-
rithm or the environment keeps changing.

The difference between the classic value iteration and the value
iteration in adiabatic setting is illustrated in Figs. 1 and 2. We can
see that, compared to the classic value iteration algorithm, the set
of transition matrix P, where we are looking for the optimal one,
is changing at every time step, i.e., also the step in value iteration
algorithm. In the value iteration in adiabatic setting, we apply the
same operator on different set of matrices at each step. Denote Li

as the operator L applied on the set of matrices at step i.
Finding N is not trivial. Therefore, we will provide a lower

bound on N which depends on Uð�Þ as well as the set of all possi-
ble matrices Pd

f .

3.3 Main Results

THEOREM 1 (main result 1). Consider a unichain adiabatic-time
MDP with S and As both finite, jrðs; aÞj bounded by a number M.
Suppose 0 < c ¼ maxðcf ; cn0

Þ < 1, then

E � jjvn0
� n0g�jj1

n
þ 1

n

Xn�1

i¼n0

Yi�1

k¼n0

ck

0
@

1
Asp vn0þ1 � vn0ð Þ

2
4

þ YM ei þ 2
Xi

j¼n0þ1

sp vjð ÞjDUj�1j
Yi�1

k¼j

ck

0
@

1
A

0
@

1
A
#

Fig. 1 The classic value iteration

Fig. 2 The value iteration in an adiabatic setting
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for any n0; where
Qv

k¼uð�Þ ¼ 1 if v< u, ei ¼
P1

j¼iþ1

ðspðvjÞjDUj�1jÞ; 2Y ¼ maxd2DjkP0 � Pf k1.
Proof. From Eq. (6), for any d 2 D we have

jPd
i � Pd

i�1j � jUðiÞ � Uði� 1ÞjjPd
0 � Pd

f j
� jUðiÞ � Uði� 1ÞjjPd

0 � Pd
f j

� 2YjDUi�1j;where fixed 2Y ¼ max
d2D
jP0 � Pf j

(9)

Consider E ¼ jj vn=nð Þ � g�jj1

E ¼
���� vn

n
� g�

����1
¼
���� vn � ng�

n

����1
¼
����Xn�1

i¼n0

viþ1 � vi � g�

n

� �
þ vn0

� n0g�

n

����1
�
Xn�1

i¼n0

��viþ1 � vi � g�
��1

n
þ jjvn0

� n0g�jj1
n

First, we bound jjviþ1 � vi � g�jj1. Let xi ¼ argmaxs2Sðviþ1 �
viÞ ¼ argmaxs2SðLivi � Li�1vi�1Þ and yi ¼ argmins2Sðviþ1 � viÞ
¼ argmins2SðLivi � Li�1vi�1Þ. Let di be the optimal decision rule
corresponding to the operator Li. Let di�1 be the optimal decision
rule corresponding to the operator Li�1. Let Ld be the operator that
we apply the decision rule d: Ldv ¼ rd þ Pdv. Since
Li�1vi�1ðxiÞ 	 Ldi

i�1vi�1ðxiÞ
LiviðxiÞ � Li�1vi�1ðxiÞ � Ldi

i viðxiÞ � Ldi

i�1vi�1ðxiÞ
� ðrdi

ðxiÞ þ Pdi
i viðxiÞÞ � ðrdi

ðxiÞ
þ Pdi

i�1vi�1ðxiÞÞ
� Pdi

i viðxiÞ � Pdi

i�1vi�1ðxiÞ
� ðPdi

i � Pdi

i�1ÞviðxiÞ þ Pdi

i�1ðvi � vi�1ÞðxiÞ

Let ai¼argmaxs2SðviðsÞÞ;bi¼argmins2SðviðsÞÞ;DPdi
i ¼Pdi

i �Pdi

i�1.

We have: a¼DPdi
i viðxiÞ¼ðDPdi

i ðxi;�ÞÞvi¼ðDPdi
i ðxi;�ÞÞðvi�viðbiÞeÞ

where e¼½11…1�T since Pdi
i and Pdi

i�1 are the transition matrices,

then
P

s2SðDPdi
i ðxi;sÞÞ¼0. Then,

a ¼
X
s2S

DPdi
i xi; sð ÞÞ vi sð Þ � vi bið Þ

� �
�

X
DP

di
i xi;sð ÞÞ	0

DPdi
i xi; sð ÞÞ vi sð Þ � vi bið Þ

� �

� vi aið Þ � vi bið Þ
� � X

DP
di
i xi;sð ÞÞ	0

DPdi
i xi; sð ÞÞ

� vi aið Þ � vi bið Þ
� � jjPdi

i � Pdi

i�1jj1
2

� YjDUi�1jsp við Þ since Eq: ð9Þ:

Then, we have

LiviðxiÞ � Li�1vi�1ðxiÞ � YMspðviÞjDUi�1j þ Pdi

i�1ðvi � vi�1ÞðxiÞ
(10)

Similarly,

LiviðyiÞ � Li�1vi�1ðyiÞ 	 �YMspðviÞjDUi�1j þ Pdi�1

i�1 ðvi � vi�1ÞðyiÞ
(11)

Consider b ¼ Pdi

i�1ðviðxiÞ � vi�1ðxiÞÞ ¼ Pdi

i�1ðvi � vi�1ÞðxiÞ �
viðxi�1Þ � vi�1ðxi�1Þ since xi�1 ¼ argmaxs2Sðvi � vi�1Þ. There-
fore, LiviðxiÞ � Li�1vi�1ðxiÞ � YMspðviÞjDUi�1j þ viðxi�1Þ �
vi�1ðxi�1Þ: Similarly, LiviðyiÞ � Li�1vi�1ðyiÞ 	 �YMspðviÞ
jDUi�1j þ viðyi�1Þ � vi�1ðyi�1Þ:

Now, by keep on expanding, we have: vtþ1ðxtÞ � vtðxtÞ ¼
LtvtðxtÞ � Lt�1vt�1ðxtÞ � YM

Pt
j¼iþ1ðspðvjÞjDUj�1jÞ þ ðviþ1ðxiÞ �

viðxiÞÞ: Let t!1, when t ¼ 1, we know exactly Pf and run
value iteration algorithm for it, we will have a reward received at
one time step limt!1ðvtþ1ðxtÞ � vtðxtÞÞ ¼ g� which is the optimal
average reward [5].

Therefore, g� �YM
P1

j¼iþ1ðspðvjÞjDUj�1jÞþðviþ1ðxiÞ�viðxiÞÞ
for any i.

Similarly, we have: g� 	 �YM
P1

j¼iþ1ðspðvjÞjDUj�1jÞ þ
ðviþ1ðyiÞ � viðyiÞÞ for any i.

Denote ei ¼
P1

j¼iþ1ðspðvjÞjDUj�1jÞ, which represents the total
error from the time step i to 1. This error comes from the fact
that we use the inaccurate matrix at each time step instead of the
true one. Now, for any s 2 S

�YMei � ðviþ1ðxiÞ � viðxiÞÞ þ ðviþ1ðyiÞ � viðyiÞÞ � ðviþ1ðsÞ
� viðsÞÞ � g� � YMei þ ðviþ1ðxiÞ � viðxiÞÞ � ðviþ1ðyiÞ � viðyiÞÞ

Hence, if we use1-norm, we have

jjviþ1�vi�g�jj1 �YMeiþðviþ1ðxiÞ�viðxiÞÞ�ðviþ1ðyiÞ�viðyiÞÞ
� spðviþ1� viÞþYMei

Now, we bound spðviþ1 � viÞ. Since Eqs. (10) and (11), we have

spðviþ1� viÞ¼ ðLiviðxiÞ�Li�1vi�1ðxiÞÞ�ðLiviðyiÞ�Li�1vi�1ðyiÞÞ
� 2YMspðviÞjDUi�1jþPdi

i�1ðvi�vi�1ÞðxiÞ
�Pdi�1

i�1 ðvi�vi�1ÞðyiÞ
� 2YMspðviÞjDUi�1jþmax

s2S
Pdi

i�1ðvi� vi�1ÞðsÞ

�min
s2S

Pdi�1

i�1 ðvi� vi�1ÞðsÞ

� 2YMspðviÞjDUi�1jþ spð½Pdi

i�1=Pdi�1

i�1 �ðvi�vi�1ÞÞ
� 2YMspðviÞjDUi�1jþci�1spðvi� vi�1Þ
ðProposition 2Þ (12)

where ½P1=P2� denotes the stacked matrix in which the rows of
P1 follow the rows of P2. Based on Definition 3, the gamma coef-
ficient of the set of stacked matrices at time step i� 1 is at most
ci�1. Equation (12) is similar to Proposition 3 except there is an
error 2YMspðviÞjDUi�1j.

Since 0 < ci � c ¼ maxðcn0
; cf Þ < 1;8i 	 n0 (Corollary 1), we

have

spðviþ1� viÞ�
Yi�1

k¼n0

ck

0
@

1
Aspðvn0þ1� vn0

Þ

þ2YM
Xi

j¼n0þ1

spðvjÞ

0
@

1
AjDUj�1j

Yi�1

k¼j

ckÞ

0
@

1
Aforall i	 n0

(13)

Then,

Xn�1

i¼n0

���viþ1 � vi � g�
���1

n
� 1

n

Xn�1

i¼n0

sp viþ1 � við Þ þ YMei
	 


Xn�1

i¼n0

���viþ1 � vi � g�
���1

n
� 1

n

Xn�1

i¼n0

Yi�1

k¼n0

ck

0
@

1
Asp vn0þ1 � vn0ð Þ

2
4

þYM ei þ 2
Xi

j¼n0þ1

sp vjð ÞjDUj�1j

0
@

0
@

�
Yi�1

k¼j

ck

0
@

1
A
1
A
1
A
3
5
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Therefore, we have a upper bound of A which is as follows:

E � jjvn0
� n0g�jj1

n
þ 1

n

Xn�1

i¼n0

Yi�1

k¼n0

ck

0
@

1
Asp vn0þ1 � vn0ð Þ

2
4

þYM ei þ 2
Xi

j¼n0þ1

sp vjð ÞjDUj�1j
Yi�1

k¼j

ck

0
@

1
A

0
@

1
A
3
5 (14)

Comments on Theorem 1. From Theorem 1, if we want to get an
integer N so that for n 	 N; E < e, we have to find out an n0 so
that we can bound the last term in the right-hand side of Eq. (14).
If we can run value iteration algorithm until time steps n0, we
have some more information about the value vector v. Therefore,
we can get a good bound as shown in Theorem 2. Whereas, if we
are not able to run value iteration algorithm for some steps, we
have to find a general bound on all the terms in the right-hand side
of Eq. (14) as described in Theorem 3. As a consequence, we
obtain a looser bound on the left-hand side. We will see this in
Sec. 4.

Note that, in Theorem 1, we consider general function U
while in Theorems 2 and 3, we consider positive nonincreasing
function U.

THEOREM 2 (main result 2). Consider a unichain adiabatic-time
MDP with S and As both finite, jrðs; aÞj bounded by a number M.
Suppose 0 < c ¼ maxðcf ; cn0

Þ < 1 and UðiÞ is a positive nonin-
creasing function on ½n0;þ1Þ, then for

n 	 max n0;
2

e
jjvn0
jj1 þ

sp vn0þ1 � vn0ð Þ
1� c

þ 2YM
en0

1� c

� �� �
(15)

we guarantee: E ¼ jj vnÞ=n
� �

� g�jj1 < e where ei ¼P1
j¼iþ1ðspðvjÞ jDUj�1jÞ; 2Y ¼ maxd2DjjP0 � Pf k1, n0 is the

smallest integer satisfying 2YMUðn0Þ=1� cð Þ < 1 and ðspðvn0
Þ þ

spðvn0þ1 �vn0
Þ=1� cÞUðn0Þ=ð1� 2YMUðn0Þ=1� cÞ � e=2YM.

Proof. By applying Theorem 1 with n0, we have

E � jjvn0
� n0g�jj1

n
þ 1

n

Xn�1

i¼n0

Yi�1

k¼n0

ck

0
@

1
Asp vn0þ1 � vn0ð Þ

2
4

þYM ei þ 2
Xi

j¼n0þ1

sp vjð ÞjDUj�1j
Yi�1

k¼j

ck

0
@

1
A

0
@

1
A
1
A
3
5

� jjvn0
� n0g�jj1

n
þ

sp vn0þ1 � vn0ð Þ
n 1� cð Þ

þ 1

n

Xn�1

i¼n0

YM ei þ 2
Xi

j¼n0þ1

ci�jsp vjð ÞjDUj�1j
� �0

@
1
A
1
A

since 0 < ci � c ¼ maxðcn0
; cf Þ < 1;8i 	 n0 (Corollary 1).

Given n0, jjvn0
jj1 and spðvn0þ1 � vn0

Þ are fixed. Let
yi ¼

Pi
j¼n0þ1ðci�jspðvjÞjDUj�1jÞÞ. We have

yn0
¼ 0

yn0þ1 ¼ spðvn0þ1ÞDUn0

yn0þ2 ¼ cyn0þ1 þ spðvn0þ2ÞDUn0þ1

yn0þ3 ¼ cyn0þ2 þ spðvn0þ3ÞDUn0þ2

…

yn ¼ cyn�1 þ spðvnÞDUi�1

…

Then, ð1� cÞ
P1

i¼n0
yi ¼

P1
j¼n0þ1ðspðvjÞjDUj�1jÞ or

P1
i¼n0

yi ¼ en0
=1� c.

Now, we find conditions on n0 so that
en0
¼
P1

j¼n0þ1ðspðvjÞjDUj�1jÞ � e=2YM. In order to do that we

need to bound spðvjÞ because we do not know spðvjÞ ahead of
time when j > n0. By the triangle property of seminorm, we get

spðvjþ1Þ � spðvjÞ þ spðvjþ1 � vjÞ
� spðvj�1Þ þ spðvj � vj�1Þ þ spðvjþ1 � vjÞ

� spðvn0
Þ þ

Xj

i¼n0

spðviþ1 � viÞ
(16)

From Eq. (13), we have

spðviþ1 � viÞ � 2YM
Xi

j¼n0þ1

spðvjÞjDUj�1jci�j

0
@

1
A

þ ci�n0 spðvn0þ1 � vn0
Þ

� 2YMyi þ ci�n0 spðvn0þ1 � vn0
Þ

Then, for all j 	 n0

sp vjþ1ð Þ � sp vn0ð Þ þ 2YM
Xj

i¼n0

yi þ sp vn0þ1 � vn0ð Þ
Xj

i¼n0

ci�n0

� sp vn0ð Þ þ 2YM
X1
i¼n0

yi þ sp vn0þ1 � vn0ð Þ
X1
i¼n0

ci�n0

� sp vn0ð Þ þ 2YM
en0

1� c
þ

sp vn0þ1 � vn0ð Þ
1� c

By plugging back into en0
, we get

en0
¼
X1

j¼n0þ1

sp vjð ÞjDUj�1j
� �

� sp vn0ð Þ þ 2YM
en0

1� c
þ

sp vn0þ1 � vn0ð Þ
1� c

� �
�
X1

j¼n0þ1

jDUj�1j
!

� sp vn0ð Þ þ 2YM
en0

1� c
þ

sp vn0þ1 � vn0ð Þ
1� c

� �
U n0ð Þ

since UðiÞ is nonincreasing, i 	 n0, then jDUj�1j ¼ Uðj� 1Þ
�UðjÞ. In other words,

en0
1�

2YMU n0ð Þ
1� c

� �
� sp vn0ð Þ þ

sp vn0þ1 � vn0ð Þ
1� c

� �
U n0ð Þ

Since limi!1UðiÞ ¼ 0, then there exists n0 so that

2YMU n0ð Þ
1� c

< 1 (17)

Then, we only need to run the value iteration until the following
condition is satisfied:

en0
�

sp vn0ð Þ þ
sp vn0þ1 � vn0ð Þ

1� c

� �
U n0ð Þ

1�
2YMU n0ð Þ

1� c

� � � e
2YM

(18)

Now, for n 	 n0

E � jjvn0
� n0g�jj1

n
þ 1

n

sp vn0þ1 � vn0ð Þ
1� c

þ
YM
Xn�1

i¼n0

ei

n

þ 1

n
2YM

en0

1� c

� 1

n
jjvn0
� n0g�jj1 þ

sp vn0þ1 � vn0ð Þ
1� c

þ 2YM
en0

1� c

� �

þ
YM n� n0ð Þ

e
2YM

n

� 1

n
jjvn0
� n0g�jj1 þ

sp vn0þ1 � vn0ð Þ
1� c

þ 2YM
en0

1� c

� �
þ e

2
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Let 1=nðjjvn0
�n0g�jj1þðspðvn0þ1�vn0

Þ=1�cÞþ2YM en0
=1�cÞ

� �
�e=2, or n	 2=eðjjvn0

� n0g�jj1 þ ðspðvn0þ1� vn0
Þ=1� cÞþ

2YM en0
=1� cÞ

� �
: Then, for all n	maxðn0;2=eðjjvn0

�n0g�jj1
þðspðvn0þ1� vn0

Þ=1� cÞþ 2YM en0
=1� cÞÞ

�
, we guarantee E� e.

Comments on Theorem 2. From Theorem 2, if we run value
iteration algorithm until step n0 satisfying the conditions in the
theorem, then we can predict that number of steps necessary for
value iteration algorithm to ensure that E < e. If running value
iteration algorithm to find n0 is not satisfactory then in that case,
we provide an alternative on the upper bound without n0 as shown
in Theorem 3. However, this bound is looser then the bound in
Theorem 2.

THEOREM 3 (main result 3). Consider a unichain adiabatic-time
MDP with S and As both finite, jrðs; aÞj bounded by a number M.
Suppose 0 < c ¼ maxðcf ; cn0

Þ; c0 ¼ maxðcf ; c0Þ < 1, and UðiÞ is a
positive nonincreasing function on ½n0;þ1Þ, then for

n 	 2

e
2n0M þ jjv0jj1 þ

e
1� c

�

þ
M þ 1þ cð Þ M 1� c0ð Þn0

� �
1� c0

þ c0ð Þn0 sp v0ð Þð Þ

" #

1� c

1
CCCCA

(19)

we guarantee: E ¼ jj vn=nð Þ � g�jj1 < e where 2Y ¼ maxd2D

jjP0 � Pf k1, n0 is the smallest integer satisfying

M

1� c0
þ c0 n0ð Þsp v0ð Þ

� �
U n0ð Þ �

e
2YM

(20)

Proof. By applying Theorem 1 with n0, we have

E � jjvn0
� n0g�jj1

n
þ 1

n

Xn�1

i¼n0

Yi�1

k¼n0

ck

0
@
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4

þYM ei þ 2
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sp vjð ÞjDUj�1j
Yi�1

k¼j

ck
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@
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A

0
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1
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� jjvn0
� n0g�jj1

n
þ 1

n

sp vn0þ1 � vn0ð Þ
1� c

þ 1

n

Xn�1

i¼n0

YM ei þ 2
Xi

j¼n0þ1

ci�jsp vjð ÞjDUj�1j
� �0

@
1
A
1
A

We have

jjvn0
�n0g�jj1 � jjrdn0�1

þP
dn0�1

i vn0�1�n0g�jj1 � jjðrdn0�1
�g�Þjj1

þ jjPdn0�1

i ðvn0�1�ðn0�1Þg�Þjj1
� jjðrdn0�1

�g�Þjj1þ jjðvn0�1�ðn0�1Þg�Þjj1

�
Xn0

k¼1

jjrdk�1
�g�jj1þjjv0jj1 � 2n0Mþjjv0jj1

since 0 < jrdk�1
j; g� < M

and

spðvn0þ1 � vn0
Þ ¼ spðrdn0

þ Pdn0
vn0
� vn0

Þ

� spðrdn0
Þ þ spðPdn0

vn0
Þ þ spðvn0

Þ

� M þ ð1þ cÞspðvn0
Þ

Consider

sp við Þ ¼ sp rdi þ Pdi�1

i�1 vi�1

� �
� sp rdið Þ þ sp Pdi�1

i�1 vi�1

� �h i
� M þ ci�1sp vi�1ð Þ
	 


Proposition 2ð Þ

� M 1þ
Xi�1

j¼1

Yj

k¼1

ci�k

2
4

3
5þYi

k¼1

ci�k sp v0ð Þð Þ

�
M 1� c0ð Þi
� �

1� c0
þ c0ð Þi sp v0ð Þð Þ; where c0 ¼ max c0; cfð Þ

(21)

Then,

sp vn0þ1 � vn0ð Þ � M þ 1þ cð Þsp vn0ð Þ

� M þ 1þ cð Þ M 1� c0ð Þn0
� �

1� c0
þ c0ð Þn0 sp v0ð Þð Þ

" #

(22)

Let yi ¼
Pi

j¼n0þ1ðci�jspðvjÞjDUj�1jÞÞ. Then
P1

i¼n0
yi ¼ en0

=1� c
as shown in Theorem 2 proof. Now, we find conditions on n0 so
that en0

¼
P1

j¼n0þ1ðspðvjÞjDUj�1jÞ � e=2YMð Þ.
Since

spðvjÞ � Mð1� ðc0ÞjÞ=1� c0 þ ðc0Þjspðv0Þ

� M=1� c0
� �

þ c0ðn0Þspðv0Þ

for all j > n0

en0
�
X1

j¼n0þ1

sp vjð ÞjDUj�1j
� � M

1� c0
þ c0ð Þn0 sp v0ð Þ

� � X1
j¼n0þ1

jDUj�1j
� �

� M

1� c0
þ c0ðn0Þsp v0ð Þ

� �
U n0ð Þ (23)

since UðiÞ is nonincreasing, i 	 n0, then jDUj�1j ¼ Uðj� 1Þ
�UðjÞ. Easily, we can see M= 1� c0ð Þ

� �
þ c0ðn0Þspðv0Þ is bounded.

Therefore, there exists n0 so that en0
� ½M=1� c0

þc0ðn0Þspðv0Þ�Uðn0Þ � e=2YM. Then for all i 	 n0; ei � en0

� e=2YM. Now, for n 	 n0

E � jjvn0
� n0g�jj1

n
þ 1

n

sp vn0þ1 � vn0ð Þ
1� c

þ
YM
Xn�1

i¼n0

ei

n
þ 1

n
2YM

en0

1� c

� 1

n
2n0M þ jjv0jj1 þ

M þ 1þ cð Þ M 1� c0ð Þn0
� �

1� c0
þ c0ð Þn0 sp v0ð Þð Þ

" #

1� c
þ e

1� c

0
BB@

1
CCAþ YM n� n0ð Þ

e
2YM

n

� 1

n
2n0M þ jjv0jj1 þ

M þ 1þ cð Þ M 1� c0ð Þn0
� �

1� c0
þ c0ð Þn0 sp v0ð Þð Þ
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þ e

1� c

0
BB@

1
CCAþ e

2

Journal of Dynamic Systems, Measurement, and Control JUNE 2016, Vol. 138 / 061009-7

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/dynam

icsystem
s/article-pdf/138/6/061009/6122260/ds_138_06_061009.pdf by O

regon State U
niversity user on 23 February 2026



Let 1=nððM þ ð1þ cÞ½Mð1� ðc0Þn0Þ=1� c0 þ ðc0Þn0ðspðv0ÞÞ�=1�
cÞ þ 2n0M þ jjv0jj1 þ e=1� cÞ � e=2ð Þ; or

n	 2=eð2n0Mþjjv0jj1þ e=1� cð ÞþMþð1þ cÞ½Mð1�ðc0Þn0Þ=
1�c0 þ ðc0Þn0ðspðv0ÞÞ�=1� cÞ:

Then, E � e:
Comments on Theorem 3. From Theorem 3, we can predict the

number of steps necessary for the value iteration algorithm to
ensure that E < e without running value iteration algorithm for a
while. This is useful for some applications that we would like to
have a prediction in advance although the prediction might not be
good. Note that Eqs. (21) and (22) together show the existence of
n0 in Theorem 2.

According to Ref. [16], the delta coefficient of a matrix is an
upper bound of the second largest eigenvalue modulus (SLEM)
k�. Thus, the gamma coefficient is also an upper bound of k�.
Then, the term 1=1� c is a upper bound of the relaxation time
trel ¼ 1=1� k� of Pd

f for all d 2 D. Moreover, the relaxation time
is proportional to the mixing time of Pd

f or the convergence rate of
the corresponding Markov chain [17]. Therefore, in any of the the-
orems above, the convergence rate of the adiabatic-time MDP is
proportional to the convergence rate of a Markov chain with P

d�f
f .

This is reasonable to the intuition that when n approaches infinity,
the environment stops changing and the value iteration process
becomes a Markov chain with the decision rule d�f .

4 Application of Adiabatic MDP: Queuing Systems

In this section, we apply the previous result to a continuous
queuing system with estimated k.

4.1 Queuing Theory Basics. Queuing systems are used in
many applications in engineering and management, such as trans-
ferring packets over a network, waiting line of customers, etc.
[18–20]. A queuing system typically includes a queue and one or
many servers as seen in Fig. 3. It is characterized by the arrival

rate k (of packets or customers), the service rate l (of packets or
customers), the number of servers, and the system’s size.

For continuous-time queuing system, the arrival process to the
queue is modeled by a Poisson process with the arrival rate k. The
arrival rate k could be known or estimated by taking the average
number of arrival packets per unit time. Similarly, the service or de-
parture process is also modeled by a Poisson process with the service
rate l. The arrival sequence and departure sequence are independent
or Markovian. In this paper, we consider queue with only one server.
According to Kendall’s notation, this queuing system is called
MjMj1jK, where the first M stands for Markovian arrival process,
the second M stands for Markovian departure process, 1 is the num-
ber of server, and K is the size of the system including 1 in the server
and K� 1 in the queue. This queuing system can be modeled as a
continuous-time Markov chain with transition matrix in time interval
t: Pt ¼ eQt, where Q is the generator matrix [21,22]

Q ¼

�k k 0 0 …

l �ðlþ kÞ k 0 …

. .
. . .

. . .
. . .

. . .
.

… 0 l �ðlþ kÞ k
… 0 0 l �l

0
BBBBB@

1
CCCCCA

For the discrete-time queuing system, time is divided into small
discrete-time slots. Suppose the time slot is small enough that at
most one packet can come in. Then, the arrival process can be
modeled as a Bernoulli process with parameter p defined as the
probability of one packet arrived in a time slot. This probability
could be changed over time due to the network’s environment or
the source. Similarly, the departure process is also modeled as a
Bernoulli process with parameter q which is the probability that
one packet is served and departs the queue. In this paper, we also
consider the discrete-time queuing system with only one server
and system’s size K. This queuing can be modeled as a Markov
chain with tridiagonal transition matrix as follows assuming that
if there is no packet in the queue, a packet coming in will be
served immediately:

P ¼

1� pð1� qÞ pð1� qÞ 0 … 0

qð1� pÞ pqþ ð1� pÞð1� qÞ pð1� qÞ … 0

… … … … …

0 … qð1� pÞ pqþ ð1� pÞð1� qÞ pð1� qÞ
0 … … qð1� pÞ 1� qð1� pÞ

2
66664

3
77775

A more general analysis of discrete-time queuing system could be
found in Ref. [23].

4.2 Application to Continuous-Time Queuing System
With Arrival Rate Estimation

4.2.1 MDP Formulation for Continuous-Time Queuing
System. Consider an MjMj1jK queue with fixed arrival rate k
which is unknown. We estimate k at time iDt denoted as k̂ i and

decide packet departure rate, li ¼ f ðk̂iÞ based on this estimate as
follows:

k̂i ¼
1

iDt

Xi

k¼1

Xk

li ¼ f k̂i

� �
¼ 1þ bið Þk̂i

where Xk 
 PoissonðkDtÞ is the number of packets in the kth slot
of duration Dt, and bi > 0 is an action we choose from a set of
constant numbers. The goal is to find the departure rate that maxi-
mizes the reward. Intuitively, high departure rate incurs high costs
(high power consumed) and low departure rate may lead to over-
flow [24]. We define the state s as the number of packets in the
queue; therefore, s 2 S ¼ f0; 1; 2;…;K � 1;Kg. Let d be the de-
cision rule which is a mapping which maps each state to a valueFig. 3 Queuing systems
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of bi or biðsÞ ¼ diðsÞ. The generator matrix in time interval
ðiDt; ðiþ 1ÞDt� is shown as follows:

Qi ¼

�ki ki 0 0 …

li �ðli þ kiÞ ki 0 …

. .
. . .

. . .
. . .

. . .
.

… 0 li �ðli þ kiÞ k
… 0 0 li �li

0
BBBBB@

1
CCCCCA (24)

Note that at each time step, we have different Qi since the arrival
rate is estimated over time. The corresponding transition probabil-
ity matrix PðiDt; ðiþ 1ÞDtÞ

Pi ¼ PðiDt; ðiþ 1ÞDtÞ ¼ eQiDt (25)

where

Qi ¼ k̂i

�1 1 0 0 …

1þ bið1Þ �ð2þ bið1ÞÞ 1 0 …

. .
. . .

. . .
. . .

. . .
.

… 0 1þ biðK � 1Þ �ð2þ biðK � 1ÞÞ 1

… 0 0 1þ biðKÞ �ð1þ biðKÞÞ

0
BBBBB@

1
CCCCCA

Suppose b 2 ½0; 1�. If we only care about the delay of packets in
the queue and the cost of high serving rate, we can set and normal-
ize the reward function: rðs; bÞ ¼ �Mðs� ðKÞbÞ2=maxs;b
ðs� KbÞ2 or we can define the cost function:
cðs;bÞ ¼ Mðs� KbÞ2=maxs;bðs� KbÞ2. In this reward function,
for a value of s, the cost is high if we use either too high departure
rate (high cost) or too low departure rate (overflow cost). Since
s 2 ½0;K�, we have to scale b 2 ½0; 1� by K.

4.2.2 Simulation Results. Let Zi ¼
Pi

k¼1 Xk 
 Poisson
ðikDtÞ;E½Zi� ¼ VAR½Zi� ¼ ikDt. By applying Chernoff’s bound,
we get

P Zi > 1þ aið ÞikDtð Þ < e �ikDtð Þ eikDtð Þ 1þaið ÞikDt

1þ aið ÞikDtð Þ 1þaið ÞikDt

Since eð�ikDtÞðeikDtÞð1þaiÞikDt=ðð1þ aiÞikDtÞð1þaiÞikDt
is a decreas-

ing function and approaches 0, when ai > 0. Therefore, given a
small a, we can find ai ¼ f ðikDtÞ which is a decreasing function

of i so that eð�ikDtÞðeikDtÞð1þaiÞikDt=ðð1þ aiÞikDtÞð1þaiÞikDt < a and
limi!1ai ¼ 0. Then, Pð Zi=iDtð Þ > ð1þ aiÞkÞ < a or

Pðk̂i > ð1þ aiÞkÞ < a

Therefore, with probability a, we have k̂i > ð1þ aiÞk. Similarly,
with probability a, we have k̂i < ð1� biÞk where bi > 0 can be
calculated using the Chernoff’s bound. Both ai and bi tend to 0
when i reaches infinity. Overall, with probability 1� 2a; ð1� biÞ
k � k̂i � ð1þ aiÞk. This is illustrated in Fig. 4.

To use a decreasing function Uð�Þ for queue, we consider the
cases where k̂i follows the upper and lower bounds on k̂i above to
model the dynamic of Pi in Eq. (25), i.e., k̂i ¼ ð1þ aiÞk and
k̂i ¼ ð1� biÞk, respectively. These are two worst cases for k̂i

with probability 1� 2a. We know that Pi ¼ Pf þ UðiÞðP0 � Pf Þ,
hence

jPi � Pf j1 ¼ UðiÞjP0 � Pf j1
or UðiÞ ¼ jPi � Pf j1=jP0 � Pf j1 can be computed in term of ai

or bi, respectively.
Since ai and bi decrease to 0 when i tends to1; UðiÞ decreases

to 0 from Uð0Þ ¼ 1. Therefore, UðiÞ is a decreasing function satis-
fying our conditions on UðiÞ. We now show the bound on the av-
erage reward provided by Theorems 1 and 3 applied to the
following scenario.

Simulation Scenario 1: Let e ¼ 0:01; k ¼ 40;Dt ¼ 1; a ¼
0:1;M ¼ 1;K ¼ 10; A ¼ f0:2; 0:4; 0:6; 0:8g; v0 ¼ 0e.

Now, we consider the upper bound as the estimated arrival rate
k̂i ¼ ð1þ aikÞ. The function Uð�Þ is shown in Fig. 5. From Theo-
rem 2, we obtained n0 ¼ 1 and N ¼ 29: From Theorem 3, we
obtained n0 ¼ 58 and N ¼ 23; 870: We can see that the value of N

Fig. 4 An example of estimated k̂i and it bounds for actual
k 5 40

Fig. 5 The Uð�Þ function for simulation scenario 1
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from Theorem 2 is much better than the value from Theorem 3 as
expected.

Figures 6 and 7 show the actual distance to the optimal reward
obtained from the value iteration algorithm and its upper bound
by Theorems 2 and 3, respectively. As seen, they are well corre-
lated with each other.

Similarly, for the lower bound on estimated arrival rate
k̂i ¼ ð1� biÞk, we have n0 ¼ 2 and N ¼ 16 from Theorem 2 and
n0 ¼ 88 and N ¼ 35; 925 from Theorem 3. As anticipated, the
results from Theorem 2 are better than ones from Theorem 3.

The actual distance and its upper bound for each theorem are
shown in Figs. 8 and 9. As seen, they are also well correlated with
each other.

From both value iteration for nonstationary environment with
adiabatic-time setting and value iteration for stationary environ-
ment, we have the optimal decision rule as shown in Table 1. The
optimal average reward g� ¼ �0:0235. We can see that the opti-
mal policy is reasonable since we need high departure rate for
high queue occupancy and vice versa.

4.3 Application to Discrete-Time Queuing System

4.3.1 MDP Formulation. In this section, we show a simple
example illustrating the application of our framework to the time-
varying underlying environments. Specifically, we consider a
discrete-time queuing system of size K¼ 2.

Assume at each time step, there are probabilities p and q that a
packet will be arriving and departing the queue, respectively. In
this case, the state-space S ¼ f0; 1; 2g, the time-varying environ-
ment is described by changing the values of p over time, while the
action is the value of q. The transition matrix has the following
form:

P ¼
1� pð1� qÞ pð1� qÞ 0

qð1� pÞ pqþ ð1� pÞð1� qÞ pð1� qÞ
0 qð1� pÞ 1� qð1� pÞ

2
4

3
5

Because all the entries in the matrix P are linear functions of p, if
we set pi ¼ /ðiÞp0 þ ð1� /ðiÞÞpf to model the change in the

Fig. 6 The actual distance and its upper bound for k̂i 5 ð11ai Þk
from Theorem 2 (simulation scenario 1)

Fig. 7 The actual distance and its upper bound for k̂i 5 ð11ai Þk
from Theorem 3 (simulation scenario 1)

Fig. 8 The actual distance and its upper bound for k̂i 5 ð12bi Þk
from Theorem 2 (simulation scenario 1)

Fig. 9 The actual distance and its upper bound for k̂i 5 ð12bi Þk
from Theorem 3 (simulation scenario 1)

Table 1 The optimal decision rule for continuous-time queuing
system example

State 0 1 2 3 4 5 6 7 8 9 10

Action 0.2 0.2 0.2 0.2 0.4 0.4 0.6 0.6 0.8 0.8 0.8
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arrival rates, then: Pi ¼ UðiÞP0 þ ð1� UðiÞÞPf where UðiÞ ¼
/ðiÞ for all i. Note that Uð�Þ satisfies the conditions for the adia-
batic setting. For the reward function, when the number of packets
s is small, we should not use high serving rate. Whereas, when the
number of packets s is large, we have to use high serving rate to
avoid overflow. Therefore, we choose the reward function as
shown in Table 2.

4.3.2 Simulation Results. To examine the theoretical results,
we run simulation using the following parameters:

Simulation Scenario 2: Let e ¼ 0:01; p0 ¼ 0:4; pf ¼ 0:6;/ðiÞ ¼
1=iþ 1; v0 ¼ 0e; A ¼ f0:1; 0:2; 0:3; 0:4; 0:5; 0:6; 0:7; 0:8; 0:9g.

From Theorem 2, we obtained n0 ¼ 17 and N ¼ 164. From
Theorem 2, we obtained n0 ¼ 811 and N ¼ 512; 509. Once again,
the results from Theorem 2 are better than ones from Theorem 3.
Figures 10 and 11 show the simulated distance to the optimal
reward obtained from the value iteration algorithm and its upper
bound from Theorems 2 and 3. As seen, they are very correlated.

From both value iteration for nonstationary environment with
adiabatic-time setting and value iteration for stationary environ-
ment, we have the optimal decision rule as shown in Table 3. The
optimal average reward g� ¼ 0:7185. We can see that the optimal
policy is reasonable since we need high departure rate for high
queue occupancy and vice versa.

5 Conclusions and Future Work

We provide an analysis framework for studying the value itera-
tion algorithm under the adiabatic setting. We provide theoretical
bounds on the convergence rate of the value iteration algorithm
with the average reward objective. Specifically, our work provides
a lower bound on the number of time iterations in the value itera-
tion algorithm needed in order to ensure that the resulting policy
produces an average reward that is e-close to the optimal average
reward value. In the future, we can apply these results to noisy
stochastic matrices with parameter estimation. This is more gen-
eral than the continuous-time queuing systems we considered
previously.

Appendix A: Average Reward Criteria

In this section, we show some previous results on average
reward criteria for stationary environment. Therefore, we have
three following assumptions:

ASSUMPTION 1. The reward r(s, a) and the probability pðjjs; aÞ
are stationary.

ASSUMPTION 2. The reward r(s, a) is bounded:
jrðs; aÞj � M <1 8a 2 As; s 2 S.

ASSUMPTION 3. The set of states S is finite.
Note that the stationary probability pðjjs; aÞ condition is only

necessary for this section where the results for stationary environ-
ment are shown.

DEFINITION 4 (average reward). Let vp
Nþ1ðsÞ ¼ Ep

s ½
PN

t¼1 rðst; atÞ�
be the total reward we get at the time step Nþ 1 starting from the
state s under the policy p, where st and at are the state and action
at time step t. Then, the average reward gpðsÞ is defined as
follows:

gp sð Þ ¼ lim
N!1

1

N
vp

Nþ1 sð Þ ¼ lim
N!1

1

N

XN

n¼1

Pn�1
p rdn

sð Þ

where dn is the decision rule at the time step n under the policy p.
PROPOSITION 5. Let S be countable, p ¼ d1;P1d ¼

limN!1ð1=NÞ
PN

n¼1 ðPdÞn�1 is stochastic [5], then gd1ðsÞ exists
and

gd1 sð Þ ¼ lim
N!1

1

N
vd1

Nþ1 sð Þ ¼ P1d rd sð Þ

Obviously, for finite S, this proposition holds.
PROPOSITION 6. Suppose P1d is stochastic. Then, if j and k are in

the same closed recurrent class, gðjÞ ¼ gðkÞ [5]. Furthermore, if
the chain is irreducible and aperiodic or has a single recurrent
class and may have some transient states, g(s) is a constant
function.

Table 2 The reward r(s, a) for discrete-time queuing system

A

r(s, a) 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

s 0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
1 0.1 0.2 0.3 0.4 0.5 0.4 0.3 0.2 0.1
2 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig. 10 The actual distance and its upper bound from Theorem
2 (simulation scenario 2)

Fig. 11 The actual distance and its upper bound from Theorem
3 (simulation scenario 2)

Table 3 The optimal decision rule for discrete-time queuing
system example

State 0 1 2

Action 0.1 0.5 0.9
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Unichain MDP satisfies these conditions since it only has one
single recurrent class plus possibly empty set of transient states.

Appendix B: Span-Seminorm and Its Properties

DEFINITION 5 (span seminorm). The span seminorm of a vector
v 2 V is defined as follows:

spðvÞ ¼ maxs2SvðsÞ �mins2SvðsÞ

where V is the vector space and s is the state.
This seminorm has the following properties:

(1) spðvÞ 	 0.
(2) spðuþ vÞ � spðuÞ þ spðvÞ; 8u; v 2 V.
(3) spðkvÞ ¼ jkjspðvÞ 8k 2 R; v 2 V.
(4) spðvþ keÞ ¼ spðvÞ 8k 2 R, where e is the constant vec-

tor e ¼ ½11…1�T.
(5) spðvÞ ¼ spð�vÞ.
(6) spðvÞ � 2jjvjj.
Note that dd is called Hajnal measure or delta coefficient of Pd

[16]. It is an upper bound on the SLEM jk2j of Pd, and
dd � 1�

P
j2Smins2SPdðjjsÞ.

Appendix C: Additional Details on Proof

PROPOSITION 4 (the bound on gamma coefficients). Given
Pi ¼ UðiÞP0 þ ð1� UðiÞÞPf ;UðiÞ 2 ½0; 1�

ci � UðiÞc0 þ ð1� UðiÞÞcf

Proof. Since Pi ¼ UðiÞP0 þ ð1� UðiÞÞPf ;UðiÞ 2 ½0; 1�, for all
j; s; a; s0; a0, we have

minfpiðjjs; aÞ; piðjjs0; a0Þg 	 UðiÞminfp0ðjjs; aÞ; p0ðjjs0; a0Þ
þ ð1� UðiÞÞminfpf ðjjs; aÞ; pf ðjjs0; a0Þ

Therefore,X
j2S

minfpiðjjs; aÞ; piðjjs0; a0Þ 	 UðiÞ
X
j2S

minfp0ðjjs; aÞ; p0ðjjs0; a0Þ

þ ð1� UðiÞÞ
X
j2S

minfpf ðjjs; aÞ;

� pf ðjjs0; a0Þ

or

1�
X
j2S

minfpiðjjs; aÞ; piðjjs0; a0Þ � UðiÞð1�
X
j2S

minfp0ðjjs; aÞ;

� p0ðjjs0; a0ÞÞ þ ð1� UðiÞÞ
� ð1�

X
j2S

minfpf ðjjs; aÞ;

� pf ðjjs0; a0ÞÞ

In other words, ci � UðiÞc0 þ ð1� UðiÞÞcf .
COROLLARY 1. Given Pi ¼ UðiÞP0 þ ð1� UðiÞÞPf with nonin-

creasing function UðiÞ > 0;UðiÞ 2 ½0; 1� for any n0 � i

ci � maxðcn0
; cf Þ (C1)

Proof. We have

Pi ¼ U ið ÞP0 þ 1� U ið Þð ÞPf

¼ Pf þ U ið Þ P0 � Pfð Þ

¼ Pf þ
U ið Þ
U n0ð Þ

U n0ð ÞP0 � U n0ð ÞPf
� �

¼ Pf þ
U ið Þ
U n0ð Þ

U n0ð ÞP0 þ 1� U n0ð Þ
� �

Pf � Pf
� �

¼ Pf þ
U ið Þ
U n0ð Þ

Pn0
� Pfð Þ

(C2)

Let 0 < U0ðiÞ ¼ UðiÞ=Uðn0Þ � 1, since Uð�Þ is a positive non-
increasing function. Then, Pi ¼ Pf þ U0ðiÞðPn0

� Pf Þ ¼ U0ðiÞPn0

þð1� U0ðiÞÞPf . By applying Proposition 4, we have

ci � UðiÞcn0
þ ð1� UðiÞÞcf � maxðcn0

; cf Þ
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